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CHAPTER 1
I n t r o d u e t i o n
T h e  i n h e r e n t  s t r e n g t h  o f  a  c u r v e d  s t r u c t u r e  w h e n  l o a d e d  
n o r m a l l y  i s  e v i n c e d  "b y  t h e  L is e  o f  s h e l l s  i n  n a t u r e  a s  a  p r o t e c t i v e  
c o v e r i n g  t o  c e r t a i n  e g g s ,  n u t s  ,  i n s e c t s , e t c Q I t  i s  t h e r e f o r e  
n o t  s u r p r i s i n g  t h a t  s t r u c t u r a l  s h e l l s  s h o u l d  b e  u s e d  e x t e n s i v e l y  
i n  c i v i l  e n g i n e e r i n g  c o n s t r u c t i o n .  I t  w a s  n o t  p o s s i b l e '  t o  m a k e  
f u l l  u s e  o f  s h e l l s  u n t i l  c o m p a r a t i v e l y  r e c e n t l y  b e c a u s e  e a r l y  
b u i l d i n g  m a t e r i a l s  p o s s e s s e d  l i t t l e  o r  n o  t e n s i l e  s t r e n g t h ,  T h e  
c o m p l i c a t i o n s  i n v o l v e d  a r e  w e l l  d e m o n s t r a t e d  b y  t h e  u s e  o f  f l y i n g  
b u t t r e s s e s  i n  G o t h i c  c a t h e d r a l s  t o  p r o v i d e  a n  a r c h  t h r u s t  t o  t h e  
v a u l t e d  r o o f *  T h e  a d v e n t  o f  w r o u g h t  i r o n  a n d  l a t e r  s t e e l  h a d
l i t t l e  i n f l u e n c e  s i n c e  t h e s e  m a t e r i a l s  w h e n  u s e d  i n  a n  e c o n o m i ­
c a l l y  t h i n  m e m b r a n e  a r e  w e l l  w i t h i n  t h e  r a n g e  o f  b u c k l i n g  f o r  
n o r m a l  r o o f  s i z e s  a n d  l o a d i n g s 0
I t  w a s  n o t ,  t h e r e f o r e ,  u n t i l  t h e  a d v e n t  o f  r e i n f o r c e d  
c o n c r e t e ,  a  c o m p a r a t i v e l y  c h e a p  b u l k  m a t e r i a l  c a p a b l e  o f  r e s i s t ­
i n g  b o t h  t e n s i l e  a n d  c o m p r e s s i v e  s t r e s s ,  t h a t  t h e  f u l l  a d v a n t a g e  
o f  s h e l l  s t r u c t u r e s  c o u l d  b e  u s e d .
I n  i t s  m o s t  g e n e r a l l y  u s e d  f o r m ,  a n d  t h a t  w i t h  w h i c h  t h i s  
w o r k  i s  c o n c e r n e d ,  t h e  s h e l l  c o n s i s t s  o f  a  t h i n ,  m e m b r a n e  c u r v e d  
i n  o n e  d i r e c t i o n  o n l y ,  f o r m i n g  a  s e g m e n t  o f  a  r i g h t  c y l i n d e r  
w h i c h  i s  s u p p o r t e d  a t  i t s  e n d s  a n d  n o t  a l o n g  i t s  e d g e s .  ( F i g u r e  1 ) .
2F i g u r e  1*
I t  i s  e v i d e n t  t h a t  i n  t h e  d i r e c t i o n  o f  a  g e n e r a t o r  t h e  s h e l l  
i s  s p a n n i n g  a s  a  b e a m  a n d  t h e r e f o r e  t h e  l o w e r  p o r t i o n s  o f  t h e  s h e l l  
w i l l  b e  i n  t e n s i o n .  I n  s m a l l  s p a n s  t h e  t e n s i l e  s t r e s s e s  i n d u c e d
a r e  s m a l l ,  a n d  s u f f i c i e n t  s t e e l  c a n  b e  i n t r o d u c e d  i n t o  t h e  m e m b r a n e  
i t s e l f  w i t h o u t  m u c h  t h i c k e n i n g ,  ( F i g u r e  2 ) 0
F i g u r e  2.
H o w e v e r #  a s  t h e  s p a n  i s  i n c r e a s e d  e d g e  b e a m s  h a v e  t o  b e  
p r o v i d e d  t o  a c c o m m o d a t e  t h e  t e n s i o n  s t e e l  n e e d e d .  ( F i g u r e  3 )*
L O N G I T U D I N A L  S E C T I O N
P L A N
vs'V.
F i g u r e  3®
T h e  s e c t i o n  o f  t h e  s h e l l  i s  u s u a l l y  c i r c u l a r  a l t h o u g h  m a n y  
o t h e r  f o r m s  s u c h  a s  c y c l o i d a l #  p a r a b o l i c  o r  t h a t  o f  a  c a t e n a r y #  
h a v e  b e e n  u s e d ®  T h e  b e n d i n g  s t r e s s e s  i n  t h e  m e m b r a n e  o c c u r c f e L i C V j
a t  '
m a i n l y  n e a r  t h e  e d g e s  a n d  i t  i s  o f t e n  c o n v e n i e n t  t o  a d o p t  i n c r e a s e d  
c u r v a t u r e  a t  t h e  e d g e  t o  r e d u c e  t h e s e *  T h e  c y c l o i d a l  s e c t i o n  
h a s  t h i s  p r o p e r t y  a n d  a n o t h e r  s e c t i o n  f r e q u e n t l y  u s e d  i s  t h e  t h r e e  
c e n t r e d  s e c t i o n  f o r m e d  b y  t h r e e  c i r c u l a r  s e g m e n t s *  ( F i g u r e  4 ) .
F i g u r e  4.
A r c h i t e c t u r a l l y ,  t h e  s h e l l  r o o f  i s  a  p a r t i c u l a r l y  p l e a s i n g  
f o r m  s i n c e  i t  e n a b l e s  a  c o m p l e t e l y  c l e a n  f i n i s h  t o  b e  o b t a i n e d  b o t h  
i n s i d e  a n d  o u t .  ( F i g u r e  5 ) .
Figure 5.
O n e  o f  i t s  c h i e f  a d v a n t a g e s  i s  t h e  p o s s i b i l i t y  o f  p r o v i d i n g  
a  l a r g e  c o l u m n  f r e e  s p a c e 0 ( F i g u r e  6) .
F i g u r e  6 S
A  f u r t h e r  a d v a n t a g e  w h i c h  t h i s  c o n s t r u c t i o n  c a n  a f f o r d  i s  
t h e  p r o v i s i o n  o f  v e r y  a d e q u a t e  d a y l i g h t *  I t  i s  p o s s i b l e  t o  l e a v e  
l a r g e  r o o f  l i g h t  a r e a s  i n  t h e  a c t u a l  r o o f  ( F i g u r e  7) a n d  i t  i s  
s h o w n  x a t e r  h o w  t h e s e  m a y  b e  i n c l u d e d  i n  t h e  c a l c u l a t i o n
Figure 7o
T h e  s i z e s  o f  s h e l l  w h i c h  h a v e  b e e n  c o n s t r u c t e d  v a r y  g r e a t l y ,  
a n d  t h e  a r r a n g e m e n t  o f  s h e l l s  w i l l ,  t o  a  g r e a t  e x t e n t ,  d e t e r m i n e  
t h e  d i m e n s i o n s .  S e v e r a l  w a y s  o f  c o v e r i n g  a  g i v e n  a r e a  a r e  s h o w n  
i n  F i g u r e  8 w h i l s t  e x a m p l e s  o f  t y p e s  ( d )  a n d  ( e )  a r e  s h o w n  i n  
F i g u r e s  9 a n d  1 0 .
c
F i g u r e  8.
Figure 9
7F i g u r e  1 0 .
S i n g l e  s h e l l s  h a v e  b e e n  c o n s t r u c t e d  w i t h  r a d i i  o f  u p w a r d s  
o f  2 0 0  f t ,  a n d  o t h e r s  o f  l e n g t h s  o f  1 5 0  f t .  I n  a l m o s t  e v e r y  c a s e  
t h e  t h i c k n e s s  i s  a b o u t  2^  i n .  , t h i s  b e i n g  t h e  t h i n n e s t  p r a c t i c a l  
f o r  r e i n f o r c i n g  a n d  c o n c r e t i n g  r e a s o n s ,  w h i c h  i s  a l s o  a l l  t h a t  i s  
r e q u i r e d  f o r  q u i t e  l a r g e  s t r u c t u r e s .
I n  g e n e r a l  w e  m a y  c l a s s i f y  s h e l l s  i n t o  t w o  t y p e s ,  " s h o r t "  
s h e l l s  ( c )  F i g u r e  8 b e i n g  t h o s e  i n  w h i c h  t h e  d i a m e t e r  o f  c u r v a t u r e
i s  g r e a t e r  t h a n  t h e  a x i a l  l e n g t h  a n d  " l o n g "  s h e l l s  ( b )  F i g u r e  9*  
i n  w h i c h  l e n g t h  e x c e e d s  d i a m e t e r .
M o s t  s t r u c t u r e s  w h i c h  h a v e  b e e n  b u i l t  u p  t o  t h e  p r e s e n t  h a v e
O')
b e e n  c a l c u l a t e d  f r o m  t h e  o r i g i n a l  t h e o r y  o f  F i n s t e r w a l d e r '  J9 w h i c h  
i s  s t r i c t l y  o n l y  a p p l i c a b l e  t o  l o n g  s h e l l s .
W h e n  t h e  c o n s i d e r a b l y  l a r g e r  s t r u c t u r e s  w h i c h  c a n  n o w  b e  
b u i l t  u s i n g  p r e s t r e s s i n g  a r e  d e s i g n e d ,  a  m o r e  g e n e r a l  t h e o r y  w i l l  
b e  r e q u i r e d , ,  A  t h e o r y  i s  d e s c r i b e d  i n  t h i s  w o r k ,  f r o m  w h i c h  a  
d e s i g n  m e t h o d  h a s  b e e n  d e v e l o p e d 0 T h i s  s h o u l d  a p p l y  t o  b o t h  l o n g  
a n d  s h o r t  s h e l l s  a n d  h a s  t h e  a d v a n t a g e  t h a t  i t  i s  s i m p l e r  t o  c a l ­
c u l a t e  t h a n  t h e  e a r l i e r  o n e s .
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CHAPTER 2
S t r u c t u r e s  a r e  e s s e n t i a l l y  l o a d  t r a n s m i t t e r s .  I n  g e n e r a l ,  
w h e n  d e s i g n i n g  a  s t r u c t u r e ,  i t  i s  r e q u i r e d  t o  r e l i e v e  a  c e r t a i n  
a r e a  o f  i t s  n a t u r a l  o r  i m p r e s s e d  l o a d s  a n d  t r a n s m i t  t h e m  t o  
s e l e c t e d  f o u n d a t i o n s .  T h u s ,  w h e n  a  d a m  i s  c o n s t r u c t e d ,  t h e  
h y d r o s t a t i c  l o a d  o f  t h e  e n t r a p p e d  w a t e r  i s  t r a n s m i t t e d  f r o m  t h e  
v a l l e y  c r o s s  s e c t i o n a l  a r e a  t o  i t s  p e r i p h e r y *  W h e n  b r i d g i n g  a  
g a p  t h e  i m p r e s s e d  l o a d s  o f  t r a n s p o r t  a r e  t r a n s m i t t e d  t o  t h e  a b u t ­
m e n t s . ,  T h e  r o o f i n g  p r o b l e m  i n v o l v e s  t h e  f r e e i n g  o f  a  s e l e c t e d  
a r e a  f r o m  t h e  n a t u r a l  f o r c e s  o f  t h e  e l e m e n t s ,  r a i n ,  s n o w ,  w i n d ,  
e t c *  B r o a d l y ,  t h r e e  d i s t i n c t  k i n d s  o f  s t r u c t u r a l  a r r a n g e m e n t  
m a y  b e  r e c o g n i z e d :
( a )  T h a t  i n  w h i c h  t h e  r e s u l t i n g  s t r e s s e s  i n  t h e  s t r u c t u r e  
a r e  p r e d o m i n a t e l y  t e n s i o n a l *  A n  e x a m p l e  o f  t h i s  t y p e  
i s  t h e  s u s p e n s i o n  b r i d g e *
( b )  T h a t  i n  w h i c h  t h e  r e s u l t i n g  s t r e s s e s  a r e  p r e d o m i n a t e l y  
t h o s e  o f  c o m p r e s s i o n ,  s u c h  a s  a r c h e s ,  g r a v i t y  d a m s ,  e t c
( c )  T h a t  i n  w h i c h  t h e  r e s u l t i n g  s t r e s s e s  a r e  p r e d o m i n a t e l y  
s h e a r  s t r e s s e s .  A n  e x a m p l e  o f  t h i s  t y p e  i s  t h e  t r a n s ­
m i s s i o n  s h a f t .
I t  i s  u s u a l  t h a t  a  s t r u c t u r e  w i l l  i n c l u d e  c o m p o n e n t s  o f  a l l  
t h e  t h r e e  b a s i c  t y p e s  a s  i n  f r a m e s ,  r e i n f o r c e d  c o n c r e t e  b e a m s ,  e t c
A Review of Shell Theory
2.1 General
The main purpose of structural analysis is to reduce complex
a r r a n g e m e n t s  t o  s i m p l e  e l e m e n t s  w h o s e  s t r e s s  s y s t e m s  u n d e r  g i v e n  
l o a d s  a r e  k n o w n  a n d  w h o s e  i n t e r  r e  a c t !  o n  c a n  b e  c a l c u l a t e d ®
T h e  d e s i g n  o f  s t r u c t u r a l  e l e m e n t s  s u b j e c t  t o  f o r c e s  
p r o d u c i n g  t e n s i l e  s t r e s s e s  i s  u s u a l l y  q u i t e  s i m p l e ,  t h e  m a i n  
c r i t e r i o n  o f  d e s i g n  b e i n g  t h e  t e n s i l e  s t r e n g t h ,  a  p r o p e r t y  o f  t h e  
m a t e r i a l  w h i c h  i s  u s u a l l y  m o r e  o r  l e s s  w e l l  know n®  I n  t h e  c a s e  
o f  e l e m e n t s  s u b j e c t e d  t o  c o m p r e s s i v e  s t r e s s  s y s t e m s  t h e  p r o b l e m  
i s  o f t e n  n o t  s o  s i m p l e  s i n c e ,  a s  w e l l  a s  t h e  d i r e c t  s t r e s s  c o n ­
s i d e r a t i o n s  s i m i l a r  t o  t h o s e  o f  t e n s i l e  d e s i g n ,  p o s s i b l e  b u c k l i n g  
e f f e c t s  w i l l  h a v e  t o  b e  t a k e n  c a r e  o f  f o r  w h i c h  p u r p o s e  a  g r e a t e r  
k n o w l e d g e  o f  t h e  m a t e r i a l  p r o p e r t i e s  a n d  t h e  f i x i t y  o f  t h e  s t r u c t ­
u r a l  e l e m e n t  w i l l  b e  r e q u i r e d ®  T h e  t o r s i o n  e l e m e n t s  p r o v i d e  
o t h e r  c a l c u l a t i o n  p r o b l e m s ,  s o m e  o f  w h i c h  a r e  t r a c t a b l e ,  b u t  i n  
t h e  c a s e  o f  c o m p o s i t e  s t r u c t u r a l  e l e m e n t s ,  s u c h  a s  r e i n f o r c e d  
c o n c r e t e  b e a m s ,  t h e r e  e x i s t s  n o  a d e q u a t e  a n a l y t i c  s o l u t i o n ®
T h e  d e s i g n  o f  a  s t r u c t u r e  r e q u i r e s  t h e  p r o d u c t i o n  o f  t h e  
m o s t  e c o n o m i c  a r r a n g e m e n t  p o s s i b l e  w i t h i n  t h e  s p e c i f i c a t i o n  o f  
l o a d c a r r y i n g  c a p a c i t y  a n d  s a f e t y .  T h i s  w i l l  b e  b r o u g h t  a b o u t  b y ?
( a )  R e d u c i n g  t o  t h e  s m a l l e s t  p o s s i b l e  v a l u e s  t h e  s t r u c t u r a l  
f o r c e s  i n v o l v e d  b y  u s i n g  t h e  b e s t  a r r a n g e m e n t  o f  
m e m b e r s ,  a n d  b y  e m p l o y i n g  t h e  m a t e r i a l  o f  t h e  m e m b e r s  
a t  t h e  h i g h e s t  p o s s i b l e  w o r k i n g  s t r e s s ®
( b )  B y  u s i n g  m a t e r i a l s  w h i c h  p o s s e s s  t h e  p r o p e r t i e s  
n e a r e s t  t o  t h e  i d e a l  f o r  t h e  p a r t i c u l a r  s t r u c t u r e ®
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A s  a n  i n s t a n c e  o f  t h e  f i r s t  r e q u i r e m e n t  t h e  c a s e  o f  p l a t e  
a n d  f r a m e d  s t e e l  g i r d e r s  m a y  b e  q u o t e d .  A t  s o m e  s i z e  o f  g i r d e r  
i t  w i l l  b e c o m e  m o r e  e c o n o m i c a l  t o  r e p l a c e  t h e  w e b  p l a t e  b y  v e r t i ­
c a l  o r  d i a g o n a l  m e m b e r s  t o  r e s i s t  t h e  s h e a r ,  f o r  t h e  w e b  o f  a  
l a r g e  p l a t e  g i r d e r  w i l l  a p p r o a c h  i t s  b u c k l i n g  s t r e s s  u s u a l l y  w e l l  
b e l o w  t h e  m a x im u m  w o r k i n g  s t r e s s  o f  t h e  m a t e r i a l .  T h e  s e c o n d
r e q u i r e m e n t  i n v o l v e s  a  m a t c h i n g  o f  s t r u c t u r a l  n e e d s  a n d  m a t e r i a l  
p r o p e r t i e s .  T h i s  m a y  b e  e x e m p l i f i e d  b y  t h e  u s e  o f  c o n c r e t e  i n  
c o m p r e s s i v e  t y p e  s t r u c t u r e s  s u c h  a s  a r c h e s  s i n c e  i t s  s t r e n g t h  i n  
c o m p r e s s i o n  e x c e e d s  b y  f a r  i t s  t e n s i l e  r e s i s t a n c e ;  b u t  i t  i s  
a l s o  t o  b e  n o t e d  t h a t  t h e  r e - a d j u s t m e n t  o f  s t r e s s  s y s t e m s  i n  
m e m b e r s ,  w h i c h  i n  e f f e c t  c h a n g e  t h e  p r o p e r t i e s  o f  t h e  m a t e r i a l ,  
c a n  f r e q u e n t l y  b e  r e s o r t e d  t o  a s  i n  t h e  c a s e  o f  p r e s t r e s s e d  c o n c r e t e c 
T h e  u s e  o f  c u r v e d  m e m b e r s ,  i n  w h i c h  o n l y  d i r e c t  s t r e s s e s ,  
e x i s t ,  t o  r e s i s t  n o r m a l  l o a d s  i s  w e l l  i l l u s t r a t e d  b y  a  s y s t e m  o f  
w e i g h t s  h a n g i n g  o n  a  s t r i n g ,  o r  i n d e e d ,  t h e  s u p p o r t  o f  t h e  s t r i n g  
i t s e l f .  T h e  m a i n t a i n i n g  f o r c e  i s  t h e  s t r i n g  t e n s i o n ,  w h i c h  m u s t  
b e  a l o n g  t h e  s t r i n g ,  a n d  a t  e a c h  l o a d  p o i n t  t h e  d i r e c t i o n  o f  t h e  
s t r i n g  c h a n g e s .  I f  a  u n i f o r m l y  d i s t r i b u t e d  l o a d ,  a s  f o r  e x a m p l e
i t s  d e a d  w e i g h t ,  i s  a p p l i e d  t o  t h e  s t r i n g  i t s  f o r m  i s  a  c o n t i n u o u s  
c u r v e  b e t w e e n  t h e  s u p p o r t s .  T h e  r a d i u s  o f  c u r v a t u r e ,  s t r i n g  
t e n s i o n ,  r a t e  o f  l o a d i n g  a n d  i n c l i n a t i o n  a r e  c o n n e c t e d  b y  t h e  
r e l a t i o n
T
•p = w  c o s  \j/
w h e r e  w  = r a t e  o f  l o a d i n g
T  = s t r i n g  t e n s i o n  
p  = r a d i u s  o f  c u r v a t u r e
= i n c l i n a t i o n  f r o m  t h e  h o r i z o n t a l
I n  t h i s  a r r a n g e m e n t  t h e  f o r c e s  a r e  a l l  t e n s i l e  b u t ,  b y  i n ­
v e r t i n g  t h e  c u r v e ,  t h e  s y s t e m  i n c l u d e s  o n l y  c o m p r e s s i v e  f o r c e s  a n d  
r e p r e s e n t s  t h e  a r c h  f o r m  o f  c o n s t r u c t i o n *  I n  f a c t ,  h o w e v e r ,
u n l e s s  t h e r e  e x i s t s  s o m e  s t i f f n e s s  t o  b e n d i n g ,  t h e  s l i g h t e s t  d i s ­
p l a c e m e n t  w o u l d  c a u s e  b u c k l i n g *  T h e  s o a p  f i l m ,  w h i c h  i s  a
t e n s i l e  m e m b r a n e  r e s i s t i n g  a  u n i f o r m  h y d r o s t a t i c  p r e s s u r e ,  i s  a  
t h r e e  d i m e n s i o n a l  t e n s i o n  a n a l o g y  t o  a  c o m p r e s s i o n  p r o b le m *  B y  
r e v e r s i n g  t h e  d i r e c t i o n  o f  t h e  f o r c e s  t h e  c o n d i t i o n s  a r e  t h o s e  
o f  t h e  s h e l l  d o m e  r o o f *
S h e l l s  o f  d o u b l e  c u r v a t u r e  h a v e  b e e n  u s e d  i n  b u i l d i n g  f o r  
m a n y ' c e n t u r i e s *  C y l i n d r i c a l  s h e l l s  h a v e  b e e n  u s e d  c o n s i d e r a b l y  
l e s s  i n  t h e  p a s t  a n d  w e r e  u s u a l l y  m o r e  o f  t h e  f o r m  o f  a  l o n g  
a r c h  b e i n g  s u p p o r t e d  a l o n g  t h e i r  e d g e s *  U n t i l  r e c e n t l y ,  t h e  
c a l c u l a t i o n  o f  s u c h  s t r u c t u r e s ,  w h i c h  h a v e  o n l y  u n i d i r e c t i o n a l  
c u r v a t u r e ,  h a s  b e e n  r e g a r d e d  a s  a  t w o  d i m e n s i o n a l  p r o b l e m .  T h e  
u s e  o f  v e r y  t h i n  s h e l l s  w i t h  f l e x i b l e  a b u t m e n t s  h a s  n e c e s s i t a t e d  
a  r e v i e w  o f  t h e  t h e o r y  a n d  i n  t h e  l a s t  t w e n t y  y e a r s  g r e a t  
a d v a n c e s  h a v e  b e e n  m a d e .
2 . 2  T h e  o r i e  s
S e v e r a l  m e t h o d s  h a v e  b e e n  d e v e l o p e d  t o  c a l c u l a t e  t h e  s t r e s s  
w i t h i n  a  l o a d e d  s h e l l  r o o f *  T h e  p r i n c i p a l  m e t h o d s  a r e  a s  f o l l o w s :
( a )  T h e  f o r m a l  d i f f e r e n t i a l  e q u a t i o n  a p p r o a c h *
( b )  V a r i a t i o n a l  a p p r o a c h *
( c )  E m p i r i c a l  m e t h o d s ;  i n c l u d i n g  t h e o r i e s  o f  r u p t u r e *
T h e  f o l l o w i n g  w o r k  i s  c o n c e r n e d  o n l y  w i t h  t h e  f o r m a l  m e t h o d  
o f  a p p r o a c h  a n d  d e a l s  w i t h  t h e  r e f i n e m e n t s  o f  t h i s  t h e o r y  i n  g r e a t e r  
d e t a i l  t h a n  i n  t h e  c a s e  o f  t h e  o t h e r s ,  w h i c h  a r e  o n l y  m e n t i o n e d  i n  
p a s s i n g .  I t  i s  s i g n i f i c a n t  t h a t  t h e  f o r m a l  m e t h o d  o f  s o l u t i o n  i s  
g e n e r a l l y  u s e d  i n  p r a c t i c a l  d e s i g n .  T h i s  a p p e a r s  t o  b e  d u e  t o  t h e  
f a c t  t h a t  t h e  o t h e r  m e t h o d s  d o  n o t  a c h i e v e  c o n s i d e r a b l e  s i m p l i c a t i o n  
i n  d e s i g n  w h i c h  i s  r e q u i r e d  i f  a p p r o x i m a t e  m e t h o d s  a r e  t o  b e  u s e d .
T h e  c h i e f  d i f f i c u l t y  a t  p r e s e n t  i s  t h a t  v e r y  f e w  e x p e r i m e n t a l  
r e s u l t s  a r e  e x t a n t  t o  s h o w  i f ,  i n  f a c t ,  t h e  f o r m a l  s o l u t i o n  d o e s  
r e p r e s e n t  t h e  s t a t e  o f  s t r e s s  e x i s t i n g  i n  t h e  s t r u c t u r e .  T h i s  i s  
d u e  p r i n c i p a l l y  t o  t h e  g r e a t  e x p e n s e  a n d  d i f f i c u l t y  o f  p e r f o r m i n g  
a  s i g n i f i c a n t  n u m b e r  o f  t e s t s  o n  a  s u f f i c i e n t  v a r i e t y  o f  s h e l l  o f  
d i f f e r e n t  s h a p e s  a n d  s i z e s .
I n  a l l  b u t  t h e  l a s t  o f  t h e  m e t h o d s  m e n t i o n e d  a b o v e  i t  i s  
u s u a l  t o  a s s u m e
( a )  T h a t  t h e  m a t e r i a l  o f  t h e  s h e l l  o b e y s  H o o k e ' s  L a w .
( b )  T h e  d i s p l a c e m e n t s  a r e  s m a l l  c o m p a r e d  w i t h  t h e  s h e l l
t h i c k n e s s ®
( c )  T h e  s h e l l  i s  t h i n  c o m p a r e d  w i t h  i t s  r a d i u s  o f  
c u r v a t u r e .
( d )  T h e  m a t e r i a l  o f  t h e  s h e l l  i s  i s o t r o p i c .
( e )  P o i s s o n ' s  r a t i o  f o r  t h e  m a t e r i a l  i s  z e r o .
O f  t h e s e ,  t h e  f i r s t  t h r e e  a r e  n e c e s s a r y  t o  b e  a b l e  t o  s o l v e  
t h e  p r o b l e m  a t  a l l ,  b u t  t h e  f o u r t h  a n d  f i f t h  a r e  m e r e l y  c o n v e n i e n t .  
I n  t h e  f o l l o w i n g  w o r k  i t  w i l l  b e  s h o w n  h o w  t h e  e q u a t i o n s  m a y  b e
d e t e m i n e d  g e n e r a l l y ,  w i t h  a  n o n - z e r o  P o i s s o n ' s  r a t i o  a n d  v a r i o u s  
f o r m s  o f  a n i s o t r o p y .  H o w e v e r ,  s i n c e  t h e  w o r k  i s  p r i m a r i l y  c o n ­
c e r n e d  w i t h  a  u n i f o r m  s h e l l  o f  r e i n f o r c e d  c o n c r e t e ,  t h e s e  l a t t e r  
a s s u m p t i o n s  a r e  f r e q u e n t l y  p e r m i s s i b l e .
I t  i s  e v i d e n t ,  h o w e v e r ,  t h a t  r e i n f o r c e d  c o n c r e t e  o a n n o t  b e  
d e s c r i b e d  w i t h  a n y  d e g r e e  o f  a o c u r a o y  a s  a  H o o k e a n  m a t e r i a l  a n d  
t h e r e f o r e  a n a l y t i c a l  s o l u t i o n s  b a s e d  u p o n  t h e  m a t h e m a t i c a l  t h e o r y  
o f  e l a s t i c i t y  w i l l ,  a t  l e a s t ,  p r o v i d e  o n l y  a  p a r t  t r u t h  a n d  s o m e  
c a r e  m u s t  n e c e s s a r i l y  b e  g i v e n  t o  t h e  c o n s i d e r a t i o n  o f  m a r g i n s  o f  
s a f e t y .
I n  s u c h  a  s t r u c t u r e  i t  i s  p r o b a b l y  m o r e  r e a s o n a b l e  t o  w o r k  
t o  a  l o a d  f a c t o r  t h a n  t o  a  s t r e s s  f a c t o r ,  b u t  b e f o r e  t h i s  c a n  b e  
d o n e  a  g o o d  d e a l  m o r e  w i l l  h a v e  t o  b e  k n o w n  a b o u t  t h e  m e c h a n i s m  
o f  f a i l u r e  o f  a  s h e l l .
I n  t h e  a p p r o a c h  w h i c h  d o e s  a t t e m p t  t o  d e a l  w i t h  c o n c r e t e  
a s  a  n o n - H o o k e a n  m a t e r i a l ,  i .  e% t h e  t h e o r y  o f  r u p t u r e * , • t h e  
d e v e l o p m e n t  i s  s i m p l y  a n  e x t e n s i o n  o f  p r e s e n t  s o  c a l l e d  t h e o r i e s  
o f  p l a s t i c  f a i l u r e  o f  r e i n f o r c e d  c o n c r e t e  b e a m s ;. T h e s e  a r e  n o t  
b a s e d  u p o n  a  m a t h e m a t i c a l  t h e o r y  o f  p l a s t i c i t y  b u t  a r e  e m p i r i c a l l y  
f o r m e d  f r o m  e x p e r i m e n t a l  d a t a  o f  t h e  s t r e s s  a n d  s t r a i n  d i s t r i b u t i o n  
i n  b e a m s  a t  o r  n e a r  f a i l u r e ,  I n  v i e w  o f  t h e  c o n s i d e r a b l e  d i s p a r i t y  
i n  r e s u l t  b e t w e e n  t h e  e m p i r i c a l  a n d  f o r m a l  m e t h o d s  i n  t h e  c a s e  o f  
e l a s t i c  s h e l l s ,  i t  s e e m s  v e r y  d o u b t f u l  w h e t h e r  a n  e x t e n s i o n  o f  
s u c h  b e a m  p l a s t i c  t h e o r i e s  o a n  b e  o f  a n y  g r e a t  v a l u e .
S o m e  w o r k  h a d  b e e n  d o n e  i n  a t t a c k i n g  t h e  p r o b l e m  u s i n g
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v a r i a t i o n a l  m e t h o d s *  B y  s u c h  m e a n s  i t  i s  p o s s i b l e  t o  c o n s i d e r  t h e  
o a s e  o f  n o n - u n i f o r m  t h i c k n e s s  a n d  i t  s h o u l d  a l s o  b e  p o s s i b l e  t o  
d e v e l o p  e q u a t i o n s  t o  a n y  r e q u i r e d  d e g r e e  o f  a c c u r a c y .  T h e r e  d o e s  
n o t ,  h o w e v e r ,  a p p e a r  t o  b e  a n y  n e c e s s i t y  t o  a p p l y  v a r i a t i o n a l  
m e t h o d s  w h e n  c o n s i d e r i n g  n o r m a l  d e s i g n .
2 .  3  T h e  F o r m a l  T h e o r y
T h e  f i r s t  a n a l y t i c a l  s o l u t i o n  t o  t h e  l o a d e d  c u r v e d  s h e l l
t / ( 2 )
p r o b l e m  w a s  g i v e n  b y  L a m e  a n d  C l a p e y r o n '  '  w h o  d e v e l o p e d  t h e
e q u a t i o n s  o f  e q u i l i b r i u m  i n  t e r m s  o f  t h e  a x i a l  a n d  c i r c u m f e r e n t i a l
n o r m a l  s t r e s s e s  a n d  t h e  a s s o c i a t e d  s h e a r  s t r e s s e s .  T h e  b e n d i n g  a n d
t w i s t i n g  m o m e n t s  a s  w e l l  a s  t h e  n o r m a l  s h e a r  s t r e s s  w e r e  n e g l e c t e d ,
T h e s e  a r e  t h e  f o r c e s  w h i c h  c o u l d  e x i s t  i n  a  l o a d e d  m e m b r a n e
a n d  h e n c e  t h e  t h e o r y  i s  u s u a l l y  r e f e r r e d  t o  a s  t h e  m e m b r a n e  t h e o r y .
T h e  e q u a t i o n s  o f  e q u i l i b r i u m  s o  o b t a i n e d  y i e l d  a  s t a t i c a l l y
d e t e r m i n a t e  s o l u t i o n  e n a b l i n g  t h e  f o r c e s  a n d  d i s p l a c e m e n t s  t o  b e
o b t a i n e d  t h r o u g h o u t  t h e  s h e l l  a n d  a l o n g  t h e  b o u n d a r i e s .  I f ,
h o w e v e r ,  i t  i s  n o t  p o s s i b l e  t o  s u p p l y  t h e  b o u n d a r y  c o n d i t i o n s  o f
f o r c e s  a n d  d i s p l a c e m e n t s  r e q u i r e d  b y  t h e  m e m b r a n e  t h e o r y ,  i t  i s
e v i d e n t  t h a t  t h e  s o l u t i o n  g i v e n  b y  i t  i s  n o t  v a l i d .  I t  i s  f o u n d
t h a t  o n l y  b y  d e v e l o p i n g  a  t h e o r y  w h i c h  i n c l u d e s  t h e  m o m e n t  a n d
o t h e r  t e r m s  m a y  a  s o l u t i o n  b e  o b t a i n e d  w h i c h  w i l l  h o l d  f o r  o t h e r
b o u n d a r y  c o n d i t i o n s *  A s  a  r e s u l t  o f  t h i s  d i f f e r e n c e  b e t w e e n  
t h e  b o u n d a r y  c o n d i t i o n s  o f  t h e  m e m b r a n e  t h e o r y  a n d  o t h e r  
b o u n d a r y  c o n d i t i o n s ,  a  n e w  s y s t e m  o f  s t r e s s e s  i s  s e t  u p  w i t h i n  
t h e  s h e l l ,  y / h i c h  i s  u s u a l l y  l o o k e d  u p o n  a s  d u e  t o  t h e  b o u n d a r y ,  
o r  " e d g e " ,  d i s t u r b a n c e s *  T h e s e  r e s u l t i n g  p e r t u r b a t i o n s  a r e
l i a b l e  t o  o a u s e  l a r g e  m o m e n t s  i n  t h e  w h o l e  s h e l l  a n d ,  i n c i d e n t a l l y ,  
t h e  i m p o r t a n c e  o f  t h e s e  m o m e n t s  w i l l ,  i n  g e n e r a l ,  i n c r e a s e  w i t h  
d e c r e a s e  o f  t h e  a n g l e  s u b t e n d e d  b y  t h e  s e g m e n t .
T h e  f i r s t  c o n s i d e r a t i o n  o f  e q u i l i b r i u m  u n d e r  g e n e r a l  f o r c e s
i n c l u d i n g  b e n d i n g  a n d  t w i s t i n g  m o m e n t s  w a s  g i v e n  i n  1 8 9 2  b y  
(3}
A . E .  H , L o v e v J a n d  h i s  o r i g i n a l  e q u a t i o n s ,  r e f i n e d  l a t e r  b y  
F l u g g e ^ ^ ,  h a v e  f o r m e d  t h e  b a s i s  f o r  l a t e r  w o r k .
T h e  f i r s t  u s e  i n  m o d e r n  s t r u c t u r a l  e n g i n e e r i n g  o f  t h e  
c y l i n d r i c a l  s h e l l  w a s  t h e  s o - c a l l e d  Z e i s s - D y w i d a g  b a r r e l  v a u l t  
r o o f  f o r  w h i c h  a  p a t e n t  t a k e n  o u t  i n  1 9 2 0 ,  a n d  s e v e r a l  s h e l l s  
w e r e  e r e c t e d  b o t h  i n  E u r o p e  a n d  A m e r i c a .  T h e  s o l e  l i c e n c e e  i n  
G r e a t  B r i t a i n  w a s  T , C . C h i s h o l m  w h o  e r e c t e d  s t r u c t u r e s  u n d e r  t h e  
t r a d e  n a m e s  o f  " G b i s a r c "  a n d  " S h e l l
(1 )
I n  1 9 3 2  F i n s t e r w a l d e r x p u b l i s h e d  t h e  f i r s t  a p p r o x i m a t e  
s o l u t i o n  t o  t h e  e d g e  d i s t u r b a n c e  p r o b l e m  i n  w h i c h  h e  a s s u m e d
M x  = M x y  = M y x  = Q x  = 0  ( s e e  n o t a t i o n ,  A p p e n d i x  3 )  2 . 1
B y  m e a n s  o f  t h e  e q u i l i b r i u m  e q u a t i o n s  h e  w a s  a b l e  t o  
e x p r e s s  a l l  t h e  r e m a i n i n g  i n f l u e n c e s  N y ,  N x y ,  N y x ,  N x ,  Q y ,  M y ,  u ,  
v  a n d  w  i n  t e r m s  o f  a  s i n g l e  s t r e s s  f u n c t i o n  f  ( y )  d e f i n e d  b y  t h e  
r e l a t i o n
M y  = f  ( y )  s i n  A x  2< 2
T h e  e x p r e s s i o n  f o r  M y  s a t i s f i e s  a n  e i g h t h  o r d e r  p a r t i a l  
d i f f e r e n t i a l  e q u a t i o n  o f  o o m p a t a b i l i t y .  I t  i s  a s s u m e d  t h a t
t h e  s o l u t i o n  m a y  b e  e x p r e s s e d  a s  t h e  p r o d u c t  o f  i n d e p e n d e n t  
f u n c t i o n s  o f  t h e  l o n g i t u d i n a l  x  c o - o r d i n a t e  a n d  t h e  c i r c u m ­
f e r e n t i a l  y  c o - o r d i n a t e .  T h e  f u n c t i o n  o f  x  i s  e x p r e s s e d  a s  
a  F o u r i e r  s e r i e s  w h i c h  r e s u l t s  i n  t h e  c o m p a t a b i l i t y  e q u a t i o n  
b e i n g  r e d u c e d  t o  a n  o r d i n a r y  l i n e a r  d i f f e r e n t i a l  e q u a t i o n .
P u t t i n g  t h e  s o l u t i o n  o f  t h i s  e q u a t i o n  i n  t h e  f o r m
f ( y )  = G e m y  2 . 3
F i n s t e r w a l d e r  o b t a i n e d  t h e  a u x i l i a r y  e q u a t i o n
ms  -  2 (1 -  R  2\ 2 )m6 + (1 -  4 R 2 A 2 + R 4 \ 4) m 4
+ R 2 \ 2 ( R 2 \ 2 ~ 2)n ?  + R « k 4 ~  = 0 2 . 4
A l t h o u g h  n o  s o l u t i o n  f o r  m  e x i s t s  i n  e x p l i c i t  f o r m ,  
n u m e r i c a l  v a l u e s  t o  a n y  d e s i r e d  d e g r e e  o f  a c c u r a c y  c a n  b e  o b t a i n e d  
b y  N e w t o n ’ s  a p p r o x i m a t i o n ,  o r  s o m e  s i m i l a r  a r i t h m e t i c a l  m e t h o d .
T h i s  t h e o r y  p r o v i d e d  a  f a i r l y  s t r a i g h t f o r w a r d  o a l o u l a t i o n  f o r  a n y  
p a r t i c u l a r  s h e l l  e x a m p l e ,  b u t  t h e  v a l i d i t y  o f  t h e  a s s u m p t i o n s  c o n ­
c e r n i n g  t h e  a x i a l  b e n d i n g  a n d  t w i s t i n g  m o m e n ts  i s  v e r y  d o u b t f u l  f o r  
a n y  b u t  l o n g  s h e l l s .
I n  1 9 3 6  S c h o r e r v '  p r o p o s e d  a  s i m p l i f i c a t i o n  o f  F i n s t e r w a l d e r '
t h e o r y  b y  e q u a t i n g  t o  z e r o  a l l  t h e  d e r i v a t i v e s  e x c e p t  t h e  h i g h e s t
i n  t h e  c o m p a t a b i l i t y  e q u a t i o n .  T h i s  h e  c o n s i d e r e d  l e g i t i m a t e
s i n c e  t h e  v a l u e s  o f  t h e  l o w e r  o r d e r  d e r i v a t i v e s  w e r e  o o m p a r a t i v e l y
v e r y  s m a l l .  I t  h a s  s i n c e  b e e n  s h o w n  t h a t  S c h o r e r ' s  e q u a t i o n  c a n
b e  u s e d  w i t h o u t  t h e  o r i g i n a l  l i m i t a t i o n s  o n  v a r i o u s  i n f l u e n c e s  
i n t r o d u c e d  b y  F i n s t e r w a l d e r .
m° + R 4 \ 4 j  = 0  2 , 5iv
T h e  g r e a t  a d v a n t a g e  o f  S c h o r e r ' s  e q u a t i o n  i s  t h a t  a n  e x p l i c i t  
s o l u t i o n  e x i s t s  f o r  m a n d  t h e  r e l a t i v e  v a l u e s  o f  t h e  c o e f f i c i e n t s  
o f  t h e  i n f l u e n c e s  ( f o r c e s ,  m o m e n t s  a n d  d i s p l a c e m e n t s )  m a y  b e  
w r i t t e n  d o w n  a s  f u n c t i o n s  o f  t h e  s h e l l  s h a p e .  H o w e v e r ,  i t s  u s e ,  
a s  p r o p o s e d  b y  S c h o r e r ,  i s  o n l y  f o r  l o n g  s h e l l s  w h e r e
RX < 1
i . e .  t h e  l e n g t h  o f  t h e  s h e l l  i s  m o r e  t h a n  t h r e e  t i m e s  i t s  r a d i u s  
o f  c u r v a t u r e .  S o m e  i n d i c a t i o n  o f  t h e  u s u a l  s h a p e s  m a y  b e  o b t a i n e d  
f r o m  F i g u r e  1 ,  w h e r e  t h e  r a d i u s  a n d  l e n g t h  h a v e  b e e n  p l o t t e d  f o r  a  
n u m b e r  o f  a c t u a l  s h e l l s .
Schorer's resulting auxiliary equation may be put in the form
Figure 1.
D i s c h i n g e r  i n v e s t i g a t e d  t h e  m e t h o d  a n d  s u g g e s t e d  t h a t  i t  
s h o u l d  n o t  b e  u s e d  f o r  s h e l l s  i n  w h i c h  R A  > 0 . 5 ; R A  < 0a 5  i s  a  
s h a p e  w h i c h  i s  v e r y  r a r e l y  u s e d  i n  p r a c t i c e .  F o r  l a r g e r  v a l u e s  
o f  R A  a  m o d i f i e d  e q u a t i o n  w a s  s u g g e s t e d .
( m 2 -  R 2A 2 ) 4 + R 4 A 4 ~  = 0  2 . 7
I n  1 9 3 5  D i s c h i n g e r ^  '  g a v e  a n  ' e x a c t '  s o l u t i o n  i n  w h i c h  
t h r e e  s i m u l t a n e o u s  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  w e r e  d e v e l o p e d  
i n  t e r m s  o f  t h e  t h r e e  n o r m a l  d i s p l a c e m e n t s  u ,  v  a n d  w .
B y  a s s u m i n g  h a r m o n i c  f o r m  i n  t h e  a x i a l  d i r e c t i o n  t h e s e  
e q u a t i o n s  d e g e n e r a t e d  t o  o r d i n a r y  d i f f e r e n t i a l  e q u a t i o n s  w h i c h  
c a n  b e  r e d u c e d  t o  o n e  e i g h t h  d e g r e e  a u x i l i a r y  e q u a t i o n .
T h i s  e q u a t i o n  c o n t a i n s  o n l y  e v e n  p o w e r s  a n d  c a n  t h e r e f o r e  
b e  t r a n s f o r m e d  i n t o  a n  e q u a t i o n  o f  t h e  f o u r t h  d e g r e e  w h i c h  c a n  
a l w a y s  b e  s o l v e d .
T h e  s o l u t i o n  f o r  t h e  i n f l u e n c e s  a r e ,  h o w e v e r ,  v e r y  
d i f f i c u l t  t o  h a n d l e  a n d  a l t h o u g h  t h e  m e t h o d  i s  l i k e l y  t o  g i v e  
m o r e  a c c u r a t e  s o l u t i o n s  t h a n  a n y  o t h e r  f o r  a n  e l a s t i c  s h e l l ,  
t h e  l a b o u r  i n v o l v e d  i n  t h e  s o l u t i o n  i s  v e r y  m u c h  m o r e  t h a n  c o u l d  
e v e r  b e  t o l e r a t e d  i n  a  p r a c t i c a l  d e s i g n  m e t h o d .
J a k o b s e n ' s  s o l u t i o n  o f  1 9 3 9 ^ ^  w a s  d e s i g n e d  t o  o v e r c o m e  t h e  
d i f f i c u l t y  i n  D i s c h i n g e r ’ s  s o l u t i o n  o f  w o r k i n g  i n  t h r e e  v a r i a b l e s ,  
J a k o b s e n  w a s  a b l e  t o  e x p r e s s  a l l  t h e  i n f l u e n c e s  i n  t e r m s  o f  a  
s i n g l e  p a r a m e t e r ,  t h e  n o r m a l  d i s p l a c e m e n t ,  b y  s e r i e s  e x p a n s i o n s
a n d  a  h i g h  d e g r e e  o f  a c c u r a c y  c o u l d  b e  o b t a i n e d  b y  s y s t e m a t i c a l l y  
i m p r o v i n g  t h e  s o l u t i o n  b y  i t e r a t i o n *  I t  a p p e a r s  d o u b t f u l  n o w  
w h e t h e r  s u c h  i m p r o v e d  a c c u r a c y  i s  w o r t h  t h e  i n c r e a s e d  e f f o r t .
T h e  a u x i l i a r y  e q u a t i o n  t o  t h e  c o m p a t a b i l i t y  e q u a t i o n  
d e v e l o p e d  b y  J a k o b s e n  i s  o f  t h e  f o r m
mS -  ^ S a  £ 1 -  2i P P  ] + -  3K  + g r t  ]
-  k m 2o 2 [1  -  ^  ] + o 2 + 4  = 0 2 . 8
I n  t h i s  c a s e  a l s o  n u m e r i c a l  s o l u t i o n  h a s  t o  b e  u s e d .
H a v i n g  s e t  u p  a l l  t h e  i n f l u e n c e s  i n  t e r m s  o f  t h e  p a r a m e t e r  w  
J a k o b s e n  w a s  a b l e  t o  t a b u l a t e  c o e f f i c i e n t s  f o r  e a c h  i n f l u e n c e  
w h i c h  w e r e  s i m p l y  d e r i v e d  b y  d i f f e r e n t i a t i o n s  o f  t h e  e x p r e s s i o n  
f o r  w .
L u n d g r e n ^ )  h a s  f u r t h e r  d e v e l o p e d  t h e  J a k o b s e n  t h e o r y  t o
a p p l y  i t  t o  a n i s o t r o p i c  s h e l l s  i n  w h i c h  t h e  p r o p e r t i e s  d i f f e r
a l o n g  t h e  a x i s  a n d  i n  t h e  c i r c u m f e r e n t i a l  d i r e c t i o n .  H e  h a s
(o')
a l s o  r e v i e w e d  t h e  s e v e r a l  e m p i r i c a l  m e t h o d s  i n  a  r e c e n t  b o o k '  .
I n  a l l  t h e  w o r k  m e n t i o n e d  a b o v e  o r d i n a r y  c a l c u l u s  
n o t a t i o n  h a s  b e e n  e m p lo y e  d t I n  r e c e n t  y e a r s  m u c h  u s e  h a s  
b e e n  m a d e  o f  m o r e  p o w e r f u l  n o t a t i o n s  i n  a p p l i e d  m a t h e m a t i c s ,  
p r i n c i p a l l y  m a t r i x  a n d  t e n s o r  m e t h o d s  a n d ,  t o  a  l e s s e r  e x t e n t  
i n  e l a s t i c i t y  t h e o r y ,  v e c t o r  m e t h o d s .
C h e i n ^ 0 ^ , i n  1 9 4 4 , d e a l t  i n  s o m e  d e t a i l  w i t h  t h e  g e n e r a l  
c a s e  o f  p l a t e s  a n d  s h e l l s  s u b j e c t e d  t o  l a r g e  d i s p l a c e m e n t s .  T h i s
21
a n a l y s i s  l e a d s  t o  v e r y  c o m p l e x  r e s u l t s  w h i c h  h a v e  b e e n  d e v e l o p e d  
i n  c o m p a c t  t e n s o r  n o t a t i o n .
F u r t h e r  w o r k  o n  t h e  g e n e r a l  c a s e  h a s  b e e n  p u b l i s h e d  b y
( 1 1 )  (1 2 )
G - r e e n  a n d  Z e r n a v '  a n d  N e u b e r '  J „
T h e  l a t e s t  p u b l i s h e d  d i r e c t  s o l u t i o n  t o  t h e  s h e l l  p r o b l e m  
(13)
i s  d u e  t o  J e n k i n s ,  '  w h o  h a s  c o n s i d e r e d  m o r e  c a r e f u l l y  t h e  
o r d e r  o f  t h e  v a r i o u s  a p p r o x i m a t i o n s  w h i c h  h a v e  b e e n  u s e d ^  H e  
h a s  b e e n  a b l e  t o  e l i m i n a t e  s o m e  t r u e  n e g l i g i b l e s  w h i c h  c o n s i d e r a b l y  
s i m p l i f i e d  t h e  r e s u l t a n t  e q u a t i o n  t o
(m2 ~ y ) 4 + 4  = 0  2. 9
w h i c h  h a s  a n  e x p l i c i t  s o l u t i o n .
T h e  g r e a t  m e r i t  o f  J e n k i n s '  s o l u t i o n  f r o m  t h e  p r a o t i o a l  
d e s i g n  p o i n t  o f  v i e w  i s  t h e  s i m p l i c i t y  o f  t h e  r e l a t i o n s  b e t w e e n  
t h e  i n f l u e n c e s  w h i c h  l e a d s  t o  v e r y  g r e a t  s a v i n g s  i n  t h e  
c a l c u l a t i o n .
J e n k i n s  e m p l o y e d  t h e  u n f a m i l i a r  c a l c u l u s  o f  m a t r i c e s  a n d  
i t  a p p e a r s  t o  b e  f o r  t h i s  r e a s o n  t h a t  i t  h a s  n o t  r e c e i v e d  a s  
m u c h  n o t i c e  a s  i t  w a r r a n t s .
I n  t h e  f o l l o w i n g  p a g e s  a  t h e o r y  a n d  d e s i g n  m e t h o d  w i l l  b e  
d e v e l o p e d ,  b a s e d  o n  t h e  f o r m a l  a p p r o a c h ,  a n d  t h e  s t e p s  i n  t h e  
s o l u t i o n  m a y  n o w  b e  b r i e f l y  o u t l i n e d .
T h e  e q u i l i b r i u m  o f  a n  e l e m e n t  o f  s h e l l  i s  f i r s t  c o n s i d e r e d  
u n d e r  t h e  a c t i o n  o f  i t s  a p p l i e d  s u r f a c e  l o a d s  o r  b o d y  s t r e s s e s ,
a n d  t h e  i n t e r n a l  f  o r o e s  a n d  m o m e n t s .  T h i s  l e a d s  t o  s i x  e q u a t i o n s  
o f  e q u i l i b r i u m  r e p r e s e n t i n g  t h e  s i x  d e g r e e s  o f  f r e e d o m  o f  t h e  
e l e m e n t .  N e x t  t h e  f o r c e - d i s p l a c e m e n t  r e l a t i o n s  a r e  d e v e l o p e d  
t h r o u g h  t h e  s t r e s s - s t r a i n  e q u a t i o n s  o f  e l a s t i c i t y ,  t h e  s t r a i n -  
d i s p l a c e m e n t  a n d  s t r e s s - f o r c e  e q u a t i o n s .  T h i s  e n a b l e s  o n e  o f  
' t h e  e q u i l i b r i u m  e q u a t i o n s  t o  b e  d i s c a r d e d  a s  a n  i d e n t i t y .  F r o m  
t h e  r e m a i n i n g  e q u i l i b r i u m  e q u a t i o n s  t h e  e x p r e s s i o n s  f o r  a l l  t h e  
f o r c e s  a n d  d i s p l a c e m e n t s  c a n  b e  o b t a i n e d  i n  t e r m s  o f  t h e  m o m e n ts  
a n d  t h e i r  d e r i v a t i v e s .  H o w e v e r ,  s i n c e  t h e  m o m e n ts  m a y  b e  
e x p r e s s e d  s i m p l y  i n  t e r m s  o f  t h e  n o r m a l  d i s p l a c e m e n t  w ,  b y  
a p p r o p r i a t e  s u b s t i t u t i o n ,  a  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  o f  
t h e  8 t h  o r d e r  c a n  b e  o b t a i n e d  f o r  t h e  d e t e r m i n a t i o n  o f  w  w h i c h  
w i l l  d e s c r i b e  t h e  s t r e s s  s y s t e m  o f  t h e  s h e l l .
T h e  s e c o n d  s t a g e  i s  t o  a s s u m e  a  f o r m  o f  w  w h i c h  d e f i n e s  
i t s  v a r i a t i o n  i n  t h e  a x i a l  d i r e c t i o n  a n d  w h i c h  i s o l a t e s  e d g e  
d i s t u r b a n c e s  f r o m  e n d  d i s t u r b a n c e s *  B y  u s i n g  h a r m o n i c  
f m o t i o n s  t h e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  r e d u c e s  t o  a n  
o r d i n a r y  l i n e a r  e q u a t io n ®  T h e  p a r t i c u l a r  i n t e g r a l  o f  t h i s  
e q u a t i o n  i s  a l m o s t  i d e n t i c a l  t o  t h e  m e m b r a n e  t h e o r y ^ ^  a n d  
t h e  m e m b r a n e  t h e o r y  i s  t h e r e f o r e  u s e d ®  T h e  c o m p l e m e n t a r y  
f m o t i o n  i s  t h e  s o l u t i o n  i d e n t i f i e d  w i t h  e d g e  d i s t u r b a n c e s ®
T h i s  t u r n s  u p  a s  d a m p e d  w a v e s  o r i g i n a t i n g  f r o m  t h e  tw o  e d g e s .
T h e  e f f e c t s  d u e  t o  o n e  e d g e  a r e  u s u a l l y  d a m p e d  t o  s u f f i c i e n t l y  
s m a l l  v a l u e s  a t  t h e  o t h e r  t o  b e  n e g l e c t e d  a n d  i t ’ i s  u s u a l  t o  
t r e a t  t h e m  s e p a r a t e l y ®
E a c h  e d g e  f u n c t i o n  c o n t a i n s  f o u r  c o n s t a n t s  a n d  m u s t  t h e r e f o r e  
b e  d e f i n e d  b y  t h e  v a l u e s  o f  f o u r  i n f l u e n c e s  a t  t h e  e d g e  i n  o r d e r  t o  
o b t a i n  a  c o m p l e t e  s o l u t i o n .
I t  i s  u s u a l  t o  c o n s t r u c t  a  s h e l l  r o o f  w i t h  e d g e  b e a m s  a n d  
r o o f  l i g h t s ,  a n d  t h e  e d g e  c o n d i t i o n s  w h i c h  h a v e  t o  b e  f u l f i l l e d  
m u s t  b e  c a r e f u l l y  c o n s i d e r e d .
T h e s e  c o n d i t i o n s  w i l l  b e  d e a l t  w i t h  i n  t h e  c h a p t e r  o n  e d g e  
b e a m s  b u t  i t  m u s t  b e  m e n t i o n e d  h e r e  t h a t  d i f f e r e n t  c o n d i t i o n s  
w i l l  a r i s e  d e p e n d e n t  u p o n  w h e t h e r  s h e l l s  a r e  b u i l t  s i n g l y  o r  i n  
s e t s  3 t h e  p r o b l e m  b e i n g  s i m i l a r  t o  t h a t  o f  a  r o w  o f  a r c h e s .
CHAPTER 3
E l a s t i c i t y  T h e o r y
* 3°  ^ T h e o r y  o f  E l a s t i c i t y
T h e  t h e o r y  o f  e l a s t i c i t y  i s  a  m a t h e m a t i c a l  t h e o r y  w h iG h  
e n a b l e s  t h e  m e c h a n i c a l ,  p r o p e r t i e s  o f  a  b o d y  a s  a  w h o l e  t o  b e  
d e r i v e d  f r o m  a s s u m e d  p r o p e r t i e s  o f  t h e  m a t e r i a l  o f  t h e  b o d y ,  
T h i s  h a s  w i d e  a p p l i c a t i o n  s i n c e  i t  e n a b l e s  i n f o r m a t i o n  t o  b e  
f o r e c a s t  a b o u t  a  s t r u c t u r e  f r o m  t h e  r e s u l t  o f  s m a l l  s c a l e  t e s t s  
o n  t h e  m a t e r i a l .  I t  i s  i m p o r t a n t  t o  r e a l i z e  t h a t  t h e  t h e o r y  
i s  n o t  m a t h e m a t i c a l l y  e x a c t  a n d  f r e q u e n t  a p p e a l  h a s  t o  b e  m a d e  
t o  t h e  p h y s i c s  o f  t h e  p r o b l e m  i n  o r d e r  t o  s i m p l i f y  e x p r e s s i o n s  
b y  t h e  o m i s s i o n  o f  h i g h  o r d e r  t e r m s *  F u r t h e r ,  i n  m o s t
p r a c t i c a l  c a s e s  t h e  t h e o r y  y i e l d s  s o l u t i o n s  t h e  a c c u r a c y  o f  
w h i c h  i s  g r e a t e r  t h a n  t h e  p r e c i s i o n  o f  p h y s i c a l  m e a s u r e m e n t  
a n d  w e l l  a b o v e  t h e  p r e c i s i o n  o f  k n o w l e d g e  o f  t h e  l o a d i n g  a n d  
s u p p o r t  c o n d i t i o n s  i n  e n g i n e e r i n g  a p p l i c a t i o n s *  I n  t h i s
s e c t i o n  t h e  p r o p e r t i e s  o f ,  a n d  t h e  f o r m  o f  r e l a t i o n s  b e t w e e n  
t h e  t w o  m a in  c o n c e p t s  o f  e l a s t i c i t y  a r e  d e v e l o p e d ,  v i z *  s t r e s s  
a n d  s t r a i n *
3 * 2  A n a l y s i s  o f  S t r e s s
C o n s i d e r  t w o  e q u a l  a n d  o p p o s i t e  f o r c e s  P  a p p l i e d  a t  
e a c h  e n d  o f  a  b a r *  F i g u r e  1*
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p
T h e n  a n y  e l e m e n t  o f  a r e a  5 A  o f  a  s e c t i o n  A  o f  t h e  b a r  i n  t h e  
p l a n e  o f  a x e s  O z  a n d  O y  w i l l  e x p e r i e n c e  a  f o r c e  p 1 i n  t h e  
d i r e c t i o n  o f  P  s u c h  t h a t
2 p *  = P
A
3.1
T h e  l i m i t  o f  t h e  e x p r e s s i o n  a s  5 A  t e n d s  t o  z e r o  i s  a s s u m e d
o A
t o  h a v e  a  d e f i n i t e  v a l u e  p  k n o w n  a s  t h e  s t r e s s  i n t e n s i t y  a t  
t h e  p o i n t .
P1
p  = L i m  f y  
6A -  0 0 A
T h e  s t r e s s  p  w i l l  b e  i n  t h e  s a m e  d i r e c t i o n  as. t h e  f o r c e  p* 
a n d  m a y  b e  r e s o l v e d  i n t o  c o m p o n e n t s  p a r a l l e l  t o  t h e  a x e s  O x ,  
O y ,  O z , t h e s e  c o m p o n e n t s  b e i n g
P a r a l l e l  t o  O x  I p
” ± o  O y  m p
" t o  O z  n  p
3 .2
where 1, m and n are the direction cosines of p.
The notation used will he that due to Pearson in which
I P
n p
t h e  f i r s t  l e t t e r  d e n o t i n g  t h e  n o r m a l  t o  t h e  s u r f a c e  u p o n  w h i c h  
t h e  s t r e s s  a c t s  a n d  t h e  s e c o n d  l e t t e r  d e n o t i n g  t h e  d i r e c t i o n  o f  
t h e  s t r e s s .
S t r e s s e s  o f  t h e  t y p e  x x  , y y  e t c .  , i n  w h i c h  t h e  
d i r e c t i o n  o f  t h e  s t r e s s  i s  a l o n g  t h e  n o r m a l  t o  t h e  s u r f a c e  a r e
«k
k n o w n  a s  n o r m a l  s t r e s s e s ,  a n d  s t r e s s e s  o f  t h e  t y p e  x y ,  x z  e t c  
i n  w h i c h  t h e  d i r e c t i o n  o f  t h e  s t r e s s  i s  a l o n g  a  l i n e  i n  t h e  
s u r f a c e  a r e  k n o w n  a s  s h e a r i n g  s t r e s s e s .
T a k i n g  a  r e c t a n g u l a r  p r i s m  w i t h  i t s  e d g e s  p a r a l l e l  t o  
t h e  a x e s  O x ,  O y ,  O z  t h e r e  a r e  a p p a r e n t l y  n i n e  c o m p o n e n t s  o f  
s t r e s s .  F i g u r e  2 .
Z
z z
X
F i g u r e  2,
T h r e e  o f  t h e s e  a r e  n o r m a l  s t r e s s e s  a n d  s i x  a r e  s h e a r i n g  s t r e s s e s
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H e r e  i t  i s  t o  b e  n o t e d  t h a t  t h e  p o s i t i v e  c o m p o n e n t s  o f  
s t r e s s  o n  a  s u r f a c e  a r e  i n  t h e  d i r e c t i o n s  o f  t h e  p o s i t i v e  c o -  
o r d i n a t e s  w i t h  t h e  s c h e m e  o f  a x e s  a r r a n g e d  s o  t h a t  t h e  o u t w a r d  
n o r m a l  f r o m  t h e  s u r f a c e  i s  i n  t h e  f i r s t  o c t a n t ,
I t  i s  p o s s i b l e ,  h o w e v e r ,  t o  r e d u c e  t h e s e  s i x  s h e a r i n g  
s t r e s s e s  t o  t h r e e  i n d e p e n d e n t  o n e s .
C o n s i d e r  a  s m a l l  r e c t a n g u l a r  p r i s m  w i t h  s i d e  . l e n g t h s  d x ,  
5 y ,  a n d  d z  i n  w h i c h  t h e  s t r e s s  c o m p o n e n t s  m a y  b e  c o n s i d e r e d  
u n i f o r m  a c r o s s  t h e  f a c e s ' .  F i g u r e  3 .
Z
T h e n  t h e  s h e a r i n g  f o r c e s  o n  t h e  f a c e s  p a r a l l e l  t o  t h e  
x y  -  p l a n e  a r e
x y .  d x .  6 y
a n d  t h e  s h e a r i n g  f o r c e s  o n  t h e  f a c e s  p a r a l l e l  t o  t h e  x z  
p l a n e  a r e
y z .  d x .  6 z
T h e  m o m e n ts  o f  t h e s e  f o r c e s  a b o u t  t h e  x  a x i s  m u s t  b e  e q u a l  ■
f o r  e q u i l i b r i u m ,  t h u s
z y .  d x .  6  jo  d z  = y z .  d x .  d z .  5y
Zy = y z  3 . 3
S i m i l a r l y ,  t h e  o t h e r  s h e a r  s t r e s s e s  m a y  h e  s h o w n  t o  h e  e q u a l
i'N I—* *
x y  = y x  a n d  x z  = z x
a n d  t h e  i n d e p e n d e n t  s t r e s s e s  r e d u c e  t o
N o r m a l  g r o u p :  x x  , y y  , z z
S h e a r  g r o u p :  x y  ,  y z  ,  z x
3° 3  P r i n c i p a l  S t r e s s e s
F o r  a n y  s y s t e m  o f  s t r e s s e s  i n  t h r e e  d i m e n s i o n s  t h e r e  
e x i s t  t h r e e  p l a n e s  a c r o s s  w h i c h  t h e  r e s u l t a n t  s t r e s s  i s  n o r m a l  
t o  t h e  s u r f a c e ,  i . e .  t h e  s h e a r i n g  s t r e s s e s  a r e  z e r o .  S u c h
p l a n e s  a r e  c a l l e d  t h e  p r i n c i p a l  p l a n e s  a n d  t h e  s t r e s s e s  n o r m a l
t o  t h e s e  p l a n e s  a r e  c a l l e d  t h e  p r i n c i p a l  s  t r e s s e s .
C o n s i d e r  t h e  e q u i l i b r i u m  o f  a  s m a l l  t e t r a h e d r a l  v o lu m e  
O A B C  w h e r e  t h e  e d g e s  t h r o u g h  0  a r e  p a r a l l e l  t o  t h e  a x e s  o f  
c o - o r d i n a t e s  O x ,  O y ,  O z ,  ( F i g u r e  4 ) ,  a n d  t h e  s t r e s s e s  o n  t h e  
p l a n e s  O A B ,  O B C  a n d  O C A  a r e  k n o w n .
S u p p o s e  A B C  i s  a  p l a n e  u p o n  w h i c h  t h e  r e s u l t a n t  s t r e s s  p  
i s  n o r m a l  t o  t h e  p l a n e , a n d  t h e  n o r m a l  t o  t h e  p l a n e  h a s  d i r e c t i o n  
c o s i n e s  1 ,  m a n d  n  r e l a t e d  t o  t h e  a x e s .  I f  t h e  a r e a  o f  t h e  
p l a n e  A B O  i s  S  t h e n  t h e  a r e a s  o f  t h e  o t h e r  s i d e s  m a y  b e  w r i t t e n
O A B  = n S  j 0 B 0  = I S  ; 0 0 A  = m S
a n d  t h e  c o m p o n e n t s  o f  t h e  f o r c e  o n  A B O ,  p S ,  i n  t h e  d i r e c t i o n  o f  
t h e  a x e s  a r e
O x ,  I p S  ; O y ,  m p S  ; O z ,  n p S
T h e  e q u i l i b r i u m  i n  t h e  t h r e e  d i r e c t i o n s  o f  t h e  a x e s  m a y  b e
w r i t t e n  d o w n  a s f o l l o w s
I p S  = x x  I S + x y  m S + x z n S
m p S  = y x  I S + y y  m S + yz n S
n p S  = z x  I S + z y  m S
/*\
+ z z n S
W h i c h  s i m p l i f y  t o
- i ( P  - x x )  + m x y  + n  x z = 0
1  y x - m ( p -  - yy) + n = 0
1  z x + m  z y - n ( p z z ) 0
3 .4
E l i m i n a t i n g  1 ,  m  a n d  n  r e s u l t s  i n  a  c u b i c  f o r  p
p  -  x x  . ,
"  y *  ^
-  z x
-  x y
p -  yy ,
-  zy  ,
-  x z
-  y z  
p  -  z z
= 0 3 .5
which has three roots corresponding to the three principal stresses.
T h e s e  p r i n c i p a l  s t r e s s  v a l u e s  w h e n  s u b s t i t u t e d  i n t o  e q u a t i o n s  
3<>4 i n  c o n j u n c t i o n  w i t h  t h e  e x p r e s s i o n ,
- , 2 2 2 a s
1  + m + n  = A 3 , 6
e n a b l e s  t h e  t h r e e  v a l u e s  f o r  e a c h  o f  1 ,  m a n d  n  t o  b e  o b t a i n e d  
d e s o r i b i n g  t h e  d i r e c t i o n s  o f  t h e  p r i n c i p a l  s t r e s s e s .
C o n s i d e r i n g  t h e  p r i n c i p a l  s t r e s s e s  i n  a  s y s t e m  o f - p l a n e  
s t r e s s ,  i .  e\ w i t h  t h e  c o m p o n e n t s  i n c l u d i n g  a  z  t e r m  o m i t t e d ,  
t h e  c u b i c  f o r  p  r e d u c e s  t o  a  q u a d r a t i c
x x  , -  x y
yx  , p  -  y y
3o 7
o r
P ‘ p ( x x yy ) x x  ,  y y  -  x y  = • 0 3 . 8
w h o s e  r o o t s  m a y  b e  w r i t t e n
/%
x x  + y y X X y y  i 2 /■> 2 
* y 3o 9
3 , 4  B o d y  S t r e s s  E q u a t i o n s
S u p p o s e  t h a t  a  r e c t a n g u l a r  p r i s m  5 x  ,  5 y  ,  6 z  i s  i n  
e q u i l i b r i u m  u n .d e r  t h e  a c t i o n  o f  t h e  s i x  i n d e p e n d e n t  s t r e s s  
c o m p o n e n t s  a n d  a  b o d y  f o r c e  a s s o c i a t e d  w i t h  t h e  m a t e r i a l  o f  t h e  
b o d y .  S i n c e  t h e  b o d y  f o r c e  h a s  c o m p o n e n t s  i n  t h e  d i r e c t i o n s  
o f  t h e  s t r e s s e s ,  t h e  s t r e s s e s  w i l l  v a r y  p a s s i n g  f r o m  o n e  s i d e  t o  
t h e  o t h e r  o f  t h e  p r i s m *  . T h e  s y s t e m  i s  s h o w n  i n  F i g u r e  3 3 
w h e r e  o n l y  t h e  s t r e s s e s  o n  t w o  p l a n e s  h a v e  b e e n  i n c l u d e d  t o  a v o i d
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c o n f u s i o n .  T h o s e  o n  t h e  o t h e r  p l a n e s  a r e  o f  e x a c t l y  s i m i l a r  
f o r m .
YY
ZZ+
fZ  + 4 r l  8Y
F i g u r e  %
T h e n ,  c o n s i d e r i n g  t h e  e q u i l i b r i u m  i n  t h e  x  d i r e c t i o n
0XX6 y  . 5 z  . ( x x  + t —  . 6 x
+ 6 z  . 5 x  . ( x y
+ . 5 y  . ( z x  +
0 x x  0x y  
0 x  + 0y
0  X
0 x y
d y
0XZ
0  Z
6 y
5  z
0 X Z  
0  Z
+ X
x x )
x y )
z x )  + X  5 x „  6 y .  5 z  
0
= 0
3° 10
S i m i l a r l y
0.YX
0 X 3y 0 Z
+ Y 0 3 . 1 1
a n d
0 z x  0 z y  0 z z
~  + ~dy  + ~ 3 T  + z 0 3+2
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3 , 5  A n a l y s i s  o f  S t r a i n
C o n s i d e r  a  p o i n t  P ( x  , y ,  z )  i n  a  b o d y ,  a n d  a  n e i g h b o u r i n g  
p o i n t  Q ( x  + 5 x ,  y  + 5 y ,  z  + 6 z ) a I f  t h e  p o i n t  P  s u f f e r s  d i s ­
p l a c e m e n t  u ,  v ,  w  i n  t h e  d i r e c t i o n s  o f  x ,  y  a n d  z ,  t h e n  i t  i s  
a s s u m e d  t h a t  t h e  p o i n t  Q s u f f e r s  d i s p l a c e m e n t s  u  + 6 u ,  v  + 5 v  a n d  
w  + 5 w 0
I f  u  i s  a  f u n c t i o n  u ( x , y , z )  t h e n  t h e  v a l u e  o f  u  + 5 u  i s
g i v e n  b y  u ( x  + 6 x ; y  + 6 y ,  z  + S z )  a n d  t h i s  l a t t e r  f u n c t i o n
c a n  b e  e x p a n d e d  i n  a  T a y l o r  s e r i e s
«. 3 u  _ 0 U  * 3
u  + 6 u  = u  +   + d y  + dz  + *"*’
n e g l e c t i n g  t h e  h i g h e r  o r d e r  t e r m s ,  t h a t  i s  c o n s i d e r i n g  i n f i n i t e s i m a l  
s t r a i n  s i n c e  5 x ,  6 y ,  S z  a r e  m a d e  s m a l l  t h e n
6u = s i  5x  + f  6 y  + I f  5z  3»14
a n d  tw o  s i m i l a r  r e l a t i o n s  a r e
6v = s i  6 x  + w 6 y  + H  6z 3° 15
6 w  = J ~ ;  6 x  + 6 y  + <5z 3 = 1 6
T h e  o r i g i n a l  d i s t a n c e  b e t w e e n  t h e  p o i n t s  P  a n d  Q w a s
6 x 2 + 6 y 2 + S z 2 = j l  ( s a y )  3 . 1 7
w h i l s t ,  a f t e r  d i s t o r t i o n ,  t h e  d i s t a n c e  h a s  b e c o m e
J  (6x + 6u)2 + (6y  + 6v) 2 + ( 6z + 5w )2 = p, ( l  + e) 3. 18
Using the expressions obtained for 6u, 5v, 5 w  then
33
I X 2 (1 + e ) 2 = f  ('1 + (ftSx  + + | a 6 z  J 2
+ [ f t  6 x  + (1 + f t ) 6 y  + f t  5 z  ] '  
1 0 x  v d j  d z  J
* [ £ & » *  [ A  * < ’ * f ? « ■ ] ”
E x p a n d i n g  t h e  r i g h t  h a n d  s i d e ,  o m i t t i n g  p o w e r s  a n d  p r o d u c t s  o f  
t h e  d e r i v a t i v e s  a n d  n o t i n g  t h a t  = 1 ,  = m a n d  — ■ = n  a n d
I 2 + m 2 + n 2 = 1  t h e n
e  =  —  +0X m 2 ™ -  +  n 2a y
0 W  - / 0 U  0Vx
a l + ^  +  e f
-i / 0 U  
+ l n  ^
0 W \  
+ 0X'
/ 0 V  0 W \
+ m n  ( a l  + a f 3° 2 0
T h a t  i s , t h e  s t r a i n  e i n  a n y d i r e c t i o n  ( l ,  m , n )  i s  k n o w n  i f
, ,  . 0 u  
t h e  e x p r e s s i o n s  —  , . 0 „ .  a n d (•— • + o . . . .  a r e  k n o w n .  
x 0 y  0 x  3
T h e  e x p r e s s i o n s o f  t h e
3u.
■fcyps 0^  a ^ e  c a l l e d  t h e  n o r m a l
s t r a i n s  a n d  w r i t t e n
0 U  
^  >
e
y y
=
0 V  _  0W  
0 y  * 6z z  “  0 z 3 .  21
T h e  e x p r e s s i o n s o f  t h e ■type a r e  c a l l e d  s h e a r
s t r a i n s  a n d  w r i t t e n
e x y
I H
a y
+
0 V  \ 
0 X  <
CD
tc N
II
0  V  
0  Z +
0w  '
a y  j
3» 2 2
e _  =
ZX
0 W
5 ~ x +
0 u  j  
)
T h e  n o r m a l  s t r a i n s  r e p r e s e n t  t h e  r a t e  o f  c h a n g e  o f  d i s p l a c e ­
m e n t  i n  t h e  d i r e c t i o n  o f  t h e  d i s p l a c e m e n t  w h i l s t  t h e  s i g n i f i c a n c e  
o f  t h e  s h e a r  s t r a i n s  w i l l  b e  s e e n  b y  r e f e r e n c e  t o  F i g u r e  6 .
x
V+ 6X
A
S X
; l B'
u + euey 6 Y
F i g u r e  6 .
H e r e  i t  i s  t o  b e  n o t e d  t h a t  —  i s  t h e  a n g l e  b e t w e e n  O B
d y
0 V
a n d  OB* a n d  g - j  i s  t h e  a n g l e  b e t w e e n  O A  a n d  O A h
S i n c e  A O B  i s  a  r i g h t  a n g l e  t h e  e x p r e s s i o n
au a y
ay + ax
r e p r e s e n t s  t h e  a n g u l a r  d i s t o r t i o n  o f  A O B  L in d e r  s t r a i n *
3* 6 E l a s t i c i t y
F o r  m o s t  e n g i n e e r i n g  m a t e r i a l s  i t  i s  f o u n d  t h a t  a n y  
i n f i n i t e s i m a l  s t r a i n  i s  a  l i n e a r  f u n c t i o n  c f  t h e  s t r e s s  c o m ­
p o n e n t s ,  T h e  r e l a t i o n s  c a n ,  t h e r e f o r e ,  b e  w r i t t e n
33
e T r  = A m  x x  + A 12 y y  + A ,3 z z  + A m  y z  + A ,5 y x  + A , e  x y  )
A 21 x x  + A 22 y y  + A  23 z z  + k s 4 y z  + A 25 y x  + A25 x y
a 3 , x x  + a 32 y y  + A  33  z z  + A 34  y z  + a 35 y x  + a 3® x y
A41 x x  + A42 y y  + a  43 z z  + A ^  y z  + A 45 y x  + A ^  x y
A s , x x  + A 52 y y  + A 53 z z  + A 54 y z  + A s s  y x  + A  s e  x y
' X X  ~
e y y  =
e Z Z  -
ey z  =
-
3* 23
A e , x x  + A g 2 y y  + A g 3  z z  + Aq 4 y z  •+ A s s  y x  + A s e  x y  )
w h e r e  t h e  c o m p o n e n t s  A i j  o f  t h e  m a t r i x  A  a r e  3 6  e l a s t i c  c o n ­
s t a n t s  f o r  t h e  m a t e r i a l .
I t  i s  u s u a l  f o r  a  m a t e r i a l  t o  p o s s e s s  p l a n e s  o f  e l a s t i c  
s y m m e t r y *  W h e n  a  m a t e r i a l  h a s  t h r e e  o r t h o g o n a l  p l a n e s  o f  
e l a s t i c  s y m m e t r y ,  i . e .  i t  i s  o r t h o t r o p i c ,  i t  i s  f o u n d  t h a t  t h e  
m a t r i x  o f  e l a s t i c  c o n s t a n t s  r e d u c e s  t o
A  =
( A A 12 A  73 0 0 0  )
A  21 A  22 A 2 3 0 0 0  )
A 3 , A 52 A  33 0 0 0 )
0 0 0 A 44 0 0  )
0 0 0 0 A  s s 0  )
0 0 0 0 0 A 1 SG J
3* 24
(15)
A n d  f u r t h e r  i t  i s  p o s s i b l e  t o  s h o w  b y  e n e r g y  c o n s i d e r a t i o n s '  7 
t h a t  t h e  g e n e r a l  m a t r i x  A  i s  s y m m e t r i c ,  t h u s  A  i j  = A j i  „ T h u s
f o r  t h e  o r t h o t r o p i c  m a t e r i a l  t h e  n u m b e r  o f  i n d e p e n d e n t  e l a s t i c  
c o n s t a n t s  i s  r e d u c e d  f r o m  1 2  t o  9»
U s in g  t h e  r e d u c e d  m a t r i x  t h e  s t r a i n - s t r e s s  r e l a t i o n s  may­
b e  w r i t t e n  w i t h  t h e  u s u a l  t e r m i n o l o g y
36
'JX
1
= jjj— (x x  - G , :xy yy  -  d xz  . zz)
' y y  ~ e y
zz e z
yz -
* yz
=J- ( -  o3 .  S c  -  a z y  . p y  + 7 z )  j
3 . 2 5
S z x  = Gzx zx
x y
w h e r e ,  i n  v i e w  o f  t h e  s y m m e try  o f  A
O.
E
ML -  G.t/x , G y z  - ® z u  , ^ z x  = Gxz
E j E, E E- E,y ^y
I n  t h e  c a s e  o f  a n  i s o t r o p i c  m a t e r i a l  t h e n
3c
o X y  
G „ ?
= E y
o  yx
Ez
° y z
B ,
° z y  -
= Gzx = G-xz -  G ,
The Y o u n g 's  M o d u lu s
Ozx = Or z  - °, 
The P o i s s o n ’ s  R a t i o
The R i g i d i t y  M o d u lu s
I n  t h e  d i m e n s i o n a l  c a s e  t h e  r e l a t i o n s  become 
1
exx = ^  (x x o x y
’y y
■xy =
E/
G-xy
(yy a yx
yy)
xx)
xy
3. 26
3° 27
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where
Transformation to the stress-strain equations yields
xx
yy
Ex
j - Oxy Oyx (exx + &xy eyy )
xy = &xy e x y
3o 28
Por convenience these may be written
xx
yy
r\xy Or y
xx + E . e
y  • y y
x y
y y
+ E . exx 3° 29
Ex
Ey
E
Ex
1 _ Ox i/O i/x
E u 
1 - Gx y® y x
Ox u E u
1 -  Oxt/O
O i / . r  E x  
j „ o x y O y x
3o 30
CHAPTER 4
4°1 G e n e r a l
The e q u a t i o n s  d e v e lo p e d  i n  t h i s  c h a p t e r  a r e  o f  f o u r  t y p e s :
E q u i l i b r i u m  e q u a t i o n s  w h i c h  d e t e r m i n e  t h e  r e l a t i o n s  
b e tw e e n  t h e  a p p l i e d  l o a d s  a n d  t h e  i n t e r n a l  f o r c e s  and  
m oments i n  o r d e r  t h a t  t h e  s h e l l  may r e m a i n  i n  s t a t i c  
e q u i l i b r i u m *
S t r a i n - d i s p l a c e m e n t  e q u a t i o n s  w h i c h  r e l a t e  s t r a i n  i n  
t h e  m a t e r i a l  o f  t h e  s h e l l  t o  t h e  d i s p l a c e m e n t s  o f  t h e  
m id d l e  s u r f a c e  o f  t h e  s h e l l .
S t r e s s - r e s u l t a n t  e q u a t i o n s  w h i c h  r e l a t e  t h e  i n t e r n a l  
f o r c e s  a n d  m o m e n t s  t o  t h e  s t r e s s  d i s t r i b u t i o n  w i t h i n  
t h e  s h e l l .
F o r c e - d i s p l a c e m e n t  e q u a t i o n s  w h i c h  d e r i v e  f r o m  t h e  
s t r e s s - r e s u l t a n t  a n d  s t r a i n - d i s p l a c e m e n t  e q u a t i o n s  
t h r o u g h  t h e  s t r e s s - s t r a i n  p r o p e r t i e s  o f  t h e  m a t e r i a l  
o f  t h e  s h e l l .  T h e s e  w i l l  b e  c o n s i d e r e d  L in d e r
s e p a r a t e  h e a d i n g s  b e l o w .
4-c 2 E q u a t i o n s  o f  E q u i l i b r i u m
F i g u r e  1 show s a n  e l e m e n t  o f  a  s h e l l  i n  w h i c h  R, a n d  R2 
a r e  t h e  p r i n c i p a l  r a d i i  o f  c u r v a t u r e .  The c o - o r d i n a t e  a x e s  a r e  
a r r a n g e d  t o  c o i n c i d e  w i t h  t h e  a x e s  o f  t h e s e  r a d i i .  The p o s i t i v e  
d i r e c t i o n s  o f  t h e s e  c o - o r d i n a t e s  a n d  o f  t h e  c o m p o n e n t  d i s p l a c e ­
m e n ts  a r e  a l s o  shown a s  a  r i g h t - h a n d e d  schem e o f  a x e s .
General Shell Equations
(b
( 2 )
(3)
(4)
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F i g u r e  2  s h o w s  t h e  p o s i t i v e  d i r e c t i o n s  o f  t h e  a p p l i e d  
s u r f a c e  l o a d s ,  o r  b o d y  f o r c e s ,  w h i l s t  F i g u r e s  3  a n d  4  s h o w  t h e  
d i r e c t i o n s  o f  t h e  s h e l l  f o r c e s  a n d  m o m e n ts  o n  a n  e l e m e n t  o f  s h e l l  
S x ,  6y  u s i n g  t h e  r i g h t - h a n d e d  s c r e w  r u l e  f o r  t h e  m o m e n t  v e c t o r s .
F i g u r e  2 ,
Nxyfty /
NxSy
NyxSx Ay l 7
7  qxly\ + fefy*y]s
N,S‘ / A  [<?* +lf"6»lsy / / - * - K +$»«»]*«
QySx
[Nxy + t x xy*“]*y
K +  I^S x JS ,
Figure 3«
P a s s i n g  f r o m  one s i d e  o f  t h e  e l e m e n t  t o  t h e  o t h e r  i t  w i l l  
b e  s e e n  t h a t  t h e  d i r e c t i o n s  o f  t h e  f o r o 'e  and  m oment v e c t o r s  
c h a n g e  b y  a m o u n ts
5 q)? _ j_n  t h e  x  -  d i r e c t i o n
Rr
Figure 4.
Scp^ = - X  ±n  t h e  y  -  d i r e c t i o n
Ro
a n d  t h e r e f o r e  e a c h  p a i r  w i l l  h a v e  c o m p o n e n ts  n o r m a l  t o  t h e i r  
n o m in a l  d i r e c t i o n  w h ic h  may b e  w r i t t e n  g e n e r a l l y
F <5cp
a s  show n i n  t h e  v e c t o r  d ia g r a m .  F i g u r e  5.
Figure 5.
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N o w ,  c o n s i d e r i n g  t h e  e q u i l i b r i u m  o f  t h e  e l e m e n t  i n  t h e  d i r e c t i o n  
o f  t h e  x  c o - o r d i n a t e
[ 6 x ] S y  -  H ^ y  + [ K y x  + ^ 5 y ] S x  -  N ^ & c
+ Q 6 y  + [O r  + 6 x  1 fiy  / = r  + x  6 x 5 y  = 0  
T h i s  r e d u c e s  t o
5X(5y + M ^ 5y5x  + ^  5 x 6 y  + -  ^ ^ 5 x 2Qy + X 6 x d y =  03Nx0X — y j - r  0 y  w j r ^ - r  R ^  —  -  J  t 2R ^  ^
t h e r e f o r e
+ + g t  + i  | & a x  + x  = o
<3x d y  R j  2 R r 0 x
I n  t h e  l i m i t  6  x  -  0 t h e  e q u a t i o n  becom es
M l  + dJ L y x  '+ S t  + x  = 0 4o10 x  + a y  + r 7 + A u
A s i m i l a r  e q u a t i o n  i s  o b v i o u s l y  y i e l d e d  b y  c o n s i d e r a t i o n  o f  y  
d i r e c t i o n a l  e q u i l i b r i u m
dgu_ + + 2 i / + r  = 0 4=2
Oy Ox K 2
Prom  c o n s i d e r a t i o n  o f  e q u i l i b r i u m  i n  t h e  z -  d i r e c t i o n
i}h.0xi
t $x  + ] 6 y ~  Qr*5y + [ Qy  + f e y ^ S y  ] 5 x  -  Q ^ d x
- tNx + l f 6 x ] “ N*Sy %
-  [ R y  + ^ - b y  ] 6 x  5 |£ . _ N y5x  + Z 6 x 6 y  = 0
W h ich  - r e d u c e s  t o
a.Qj: d Q y  f i r  1.... a  n x f i y  .1 aN t/  ~ ^
3 x  + 3 y  "  R ,  "  2 R ,  3 x  °  E 2 2 E 2 3 y  5 y  + Z  "  0
| 2 x  + | ^ _ § L . . | 4 + z  = o '  4 . 3o x  . o y  Rf R2
The f u r t h e r  t h r e e  d e g r e e s  o f  f r e e d o m  a r e  t h o s e  o f  r o t a t i o n  
a b o u t  t h e  c o - o r d i n a t e  a x e s  a n d  e q u i l i b r i u m  i n  t h e s e  s e n s e s  m u s t  
be  c o n s i d e r e d  n e x t .
F i r s t ,  a b o u t  t h e  x  -  a x i s
[ My + i ^ 6 y  ) 6 x "  M</6 x  + [ Mx y + ^ 6 x ] 5 y
-  + Qy6x S y  = 0
g i v i n g
3 M y  dMxy
"3y + "ax + qm  = 0 4=4
S i m i l a r l y ,  y  -  a x i s  r o t a t i o n a l  e q u i l i b r i u m  g i v e s
tr  * *«* - ° *-5
E q u i l i b r i u m  a g a i n s t  r o t a t i o n  a b o u t  t h e  z -  a x i s  g i v e s  
-  Ny x 5 x S y  + Nx„ 5 y S x -  [ + ^ j ^ S x ]  dy
In the limit $x - 0,- 5y -0 the equation becomes
M x y S y  + [ M y X  + 5 y  ] 6 x  M y x S x ^ 2
W hich  r e d u c e s ,  i n  t h e  l i m i t  S x  -  0 ,  $ y  0 ,  t o
Hj,* + ® x y  -  I f  + = 0 4.6
Using an abbreviated notation
the above equilibrium equations may be written
4 3
+  + + I f  + x  = °  )
j
u ” + N + 4- Y -  0 ^M y  + t o y  + f .2
fe + Qy -  t i  -  f -  *  z = 0 )y Rf to )
)
• )
My + M X y  + Q y  = 0 j
)
t o  + ^  +' t o  = 0  |
4° 7
M + N _ E m  + f e .  = oyx + t o y  t o  t o
)
4o 3 S t r a i n - D i s p l a c e m e n t  E q u a t i o n s
The d e p e n d e n c e  o f  t h e  s t r a i n  i n  t h e  m a t e r i a l  u p o n  th e  
g e n e r a l  d i s p l a c e m e n t s  o f  t h e  m id d l e  s u r f a c e  o f  t h e  s h e l l  m u s t  
now b e  c o n s i d e r e d .  F i g u r e  6 show s a  s e c t i o n  f o r  a  p l a n e  o f  
c o n s t a n t  y  i n c l u d i n g  t h e  v a r i o u s  d i s p l a c e m e n t s  t o  a  g i v e n  
e l e m e n t  o f  s h e l l ,  d i s t a n c e  z f r o m  t h e  m id d le  s u r f a c e .
I f  a n  e l e m e n t  0 1  o n  t h e  m i d d l e  s u r f a c e  h a s  a  l e n g t h  d x ,  
t h e n  a n  e l e m e n t  o n  a  s u r f a c e  d i s t a n c e  z  f r o m  t h e  m i d d l e  s u r f a c e  
b o u n d e d  b y  t h e  s a m e  r a d i i  w i l l  h a v e  a  l e n g t h  ( F i g u r e  6 ) ,
A B  = a x .  (1 + §- )
I f  t h e  m i d d l e  s u r f a c e  s u f f e r s  a  d i s p l a c e m e n t  u ,  t h e n  t h e  
s t r a i n  i n  t h e  m i d d l e  s u r f a c e  w i l l  b e  ^  a n d  t h e  c h a n g e  i n
l e n g t h  o f  a n  e l e m e n t  d x  w i l l  b e  d x 0 T h e r e f o r e  t h e  n e w
l e n g t h  w i l l  b e
T h e  n e w  l e n g t h  o f  A B  d u e  t o  t h i s  d i s p l a c e m e n t  w i l l  o b v i o u s l y  
b e
d x .  (1 + | ( ) .  (1  + ~  )
T h e  r a d i u s  o f  c u r v a t u r e  o f  t h e  p o i n t s  d i s t a n c e  z  f r o m  t h e  
m i d d l e  s u r f a c e  w i l l  b e  R j  + z .  T h e r e f o r e ,  t h e  c i r c u m f e r e n t i a l  
s t r a i n  d u e  t o  a  d i s p l a c e m e n t  w  o f  t h e  m i d d l e  s u r f a c e  w i l l  b e
W  i
-  ,  s o  t h a t  t h e  n e w  l e n g t h  o f  a n y  e l e m e n t  w i l l  b e  m u l t i p l i e d  
b y  a  f a c t o r
/ w \
+ R f + z  ^
a n d  t h e  n e w  l e n g t h  o f  t h e  e l e m e n t  A B  d u e  t o  b o t h  u  a n d  w
w i l l  b e
o - E p n )
D u e  t o  t h e  d e f l e x i o n  w  t h e  t a n g e n t  a t  A  w i l l  c h a n g e  i t s  
dw
d i r e c t i o n  b y  ^  a n d  t h e r e f o r e  t h e  p o i n t  A  w i l l  c h a n g e  i t s
p o s i t i o n  b y  “  z  * F u r t h e r ,  a t  B ,  t h e  t a n g e n t  w i l l  c h a n g e
2
i t s  d i r e c t i o n  b y  + 0~ §  H x )  a n d  t h e  p o i n t  B  w i l l  c h a n g e
i t s  p o s i t i o n  b y  a n  a m o u n t
z d w  d 2w  ,  s
"  z  r t  + d x 5” '
T h u s ,  t h e  a d d i t i o n  o f  a l l  t h e s e  e f f e c t s  g i v e s  a n  e x p r e s s i o n
f o r  t h e  n e w  l e n g t h  A ' B '  o f  t h e  e l e m e n t  A B
I© e Q
A ' B '  = ax. (1 + | ( ) . (1  + ~). (1 + ^
0 W  / 0 W  d t o  j  \
+ z f e  "  z t o  + - ^  ^  )
T h i s  m a y  b e  w r i t t e n  a p p r o x i m a t e l y
/ a z  \ / a 3 i i  > w  * d 2w  _
A ' B '  = a x  (1 + ) . (1  + ) + ^ d x  -  z  ^  d x
D i v i d i n g  b y  t h e  o r i g i n a l  l e n g t h  A B  a n d . s u b t r a c t i n g  u n i t y  g i v e s  
t h e  e x p r e s s i o n  f o r  t h e  s t r a i n
d u  1 . /W d t o  \ , o
exx = d l  + : --- £ R; "" Z } 4 o 8
1 + H,
A  s i m i l a r  e x p r e s s i o n  i s  o b t a i n e d  f o r  t h e  s t r a i n
d v  1 /w d^ w  \ . , o
eyy -  d y  + , i  t o  “  z d y2 ■> 4o 9
1 + h2
I n  o r d e r  t o  o b t a i n  a n  e x p r e s s i o n  f o r  t h e  s h e a r  s t r a i n ,  
u s e  i s  m a d e  o f  F i g u r e  7 ?  w h i c h  s h o w s  a  v i e w  i n  t h e  x y  p l a n e  
o f  a n  e l e m e n t  d i s t a n c e  z  f r o m  t h e  m i d d l e  s u r f a c e *  u z  ,  v z  
a n d  w  a r e  t h e  d i s p l a c e m e n t  c o m p o n e n t s  i n  t h e  s u r f a c e ,  z  f r o m
01/Y
th e  m id d le  s u r fa c e  due t o  d is p la c e m e n t com ponents u ,  v  a n d  w 
i n  th e  m id d le  s u r f a o e .
dx(l * j /
F i g u r e  '7«
F ro m  F i g u r e  7  i t  i s  see n  t h a t  th e  s h e a r  s t r a i n  may be 
w r i t t e n
' x y
w h e re  i t  i s  a l s o  s e e n  t h a t
e * + e
0  Uy
a y
a y
a y  [ 1  + |  ]
1 +
r 2
a u ^
ay
F ro m  F i g u r e  6 a n d  th e  p r e v i o u s  w o r k in g  i t  can  be s e e n  t h a t  
a  d is p la c e m e n t u  i n  th e  m id d le  s u r f a c e  p ro d u c e s  a d is p la c e m e n t 
u ( 1  + — ) a t  th e  p o i n t  z ,  w h i l s t  th e  d is p la c e m e n t w cause s a 
d is p la c e m e n t a t  A  o f
0W
-  z
T h e r e f o r e  u  m ay b.e w r i t t e n
4 7
(A  2 N „
u z  = u  + V  '  z a i
and th e  com ponent o f  s h e a r  s t r a i n  e ? beoomes
1 / du z  3 u  32 w \
\  A . r  +  -D  A TT ~  Z  A ^  A r r  )
1 a ! j l  d y  R i d y  f o & y  
!  Ra
A  s i m i l a r  e x p r e s s io n  o b t a in s  f o r  e^ w h io h  i s
 ^ ( 8 / . JL 8v d2w \
' A -v ±  T? A-v Z A-vAvr /2 z  v 3 x  R 3 x  d x d y
+ R ;
g i v i n g  as a f i n a l  e x p r e s s io n  f o r  th e  t o t a l  s h e a r s t r a i n
A JL 1 X
+ R? d u  + R  g dv
°x U ~ . z  d y  + . z  8 d'x
1 + =  ■ 1 + vrR  2 Ri
~ d x d y  6 ( ,  z  + , z  '  0
+ R 7 + R p
4 . 4  S t r e s s  R e s u l t a n t s
I f  th e  t h ic k n e s s  o f  th e  s h e l l  i s  t ,  th e n  i n t e g r a t i o n  
o f  th e  s t r e s s  n o rm a l t o  a  s e c t i o n  o v e r  u n i t  w i d t h  o f  s e c t i o n  
w i l l  g i v e  th e  v a lu e s  o f  th e  n o rm a l f o r c e ,  th u s
N x
A A
(1 + ~  ) , x x  . d z 4 . 1 1
- L
2
The te r m  i n c l u d i n g  z  i s  in c lu d e d  due t o  th e  f a o t  t h a t  a 
u n i t  e le m e n t o f  th e  s h e l l  i s  n o t  a p a r a l l e l e p i p e d  s in c e  th e  s id e s  
a r e  r a d i a l .  The w i d t h  a t  th e  m id d le  s u r fa c e  o f  a  u n i t  e le m e n t i s  
t h e r e f o r e  d e p e n d e n t upon z Q I t  w i l l  a l s o  be n o t i c e d  t h a t  due 
t o  t h i s  s m a ll e r  o r d e r  g e o m e t r i c a l  e f f e c t  th e  c e n t r e  o f  a r e a  o f a 
s e c t i o n  i s  n o t  on th e  m id d le  s u r fa c e  b u t  i s ,  i n  f a o t ,  d i s p l a c e d  
o u tw a r d . T h is  w i l l ,  h o w e v e r , be n e g l e c t e d  s i n c e , as was
m e n t i o n e d  o n  p a g e  13 ,  t h e  s h e l l  i s  a s s u m e d  t o  b e  t h i n ®
S i m i l a r  e x p r e s s i o n s  a r e  o b t a i n e d  f o r  t h e  n o r m a l  f o r c e  N y  
a n d  t h e  t a n g e n t i a l  f o r c e s  N x y  a n d  Ny X  t h u s
4 8
= h
2
( 1 + R , '  c yy ° d z 4 °  1 2
II£
p + 4
J . :
2
(1 + -  ) V  ’
*—\
x y  . d z 4 . 1 3
£5 I!
r  +  i
J --£■
(1 + *  ) . y x  . d z 4 . 1 4
S i m i l a r l y  t h e  b e n d i n g  a n d  t w i s t i n g  m o m e n t s  w i l l  b e  g i v e n
b y  i n t e g r a t i o n  o f  n o r m a l  a n d  s h e a r i n g  s t r e s s  m o m e n t s  o v e r  t h e  
t h i c k n e s s  o f  t h e  s h e l l  f o r  a  u n i t  w i d t h .
I f  t h e  a b o v e  e x p r e s s i o n s  4 °  1 3 ,  4® 1 4 ,  4° 1 7  a n d  4® 1 8  a r e  
s u b s t i t u t e d  i n t o  t h e  e q u i l i b r i u m  e q u a t i o n s  4® 6  t h e n
J _ i (1  + • r y  -  o  + f , )  • £
-  L  (1  + f ,  ) • ^  + f , (1  + * * y !  d x  = 0  4 - 1 9
4 9
I t  w i l l  be o b s e rv e d  t h a t  t h i s  e q u a t io n  i s  i d e n t i c a l l y -  
s a t i s f i e d  i f  x y  = p c , as was shown i n  C h a p t e r  3«
T h e r e fo r e
N-x y
M'xy 
R o
M yx
Rt
0 4 .  2 0
l e a v i n g  o n l y  f i v e  in d e p e n d e n t e q u a t i o n s .i n  t h e  e q u i l i b r i u m  s e t
4c 7
The s t r e s s - s t r a i n  r e l a t i o n s  f o r  an i s o t r o p i c  m a t e r i a l  w ere 
shown i n  C h a p te r  3 t o  be
x x
yy
E
1 -  0 2  
E
1 -  a 2  
E
= 2 T T T ^ )
l^jcx + ° euy }
I eyy + ^ exx j
' x y
4c 21
w h e re  th e  z  com p on e nts o f  s t r a i n  a r e  n e g le c t e d . F o r  an
a n i s o t r o p i c  m a t e r i a l ,  one i n  w h ic h  th e  e l a s t i c  m o d u li  a re  
d i f f e r e n t  a lo n g  th e  tw o  a xe s  i t  w as shown t h a t  ( e q u a t i o n  3* 29)
x x
yy
E ' ’X X + E ' ■yy
'XX 4. 22
t o /  • e x y
Inserting these into the stress resultant equations yields
N
* 4
J . A 1
2  
4- A
+ f p  ( +  e x x  + E + eyy  ) d z
N xy
r + •4-
S - u ' *A2
R
z_
R2
N g x
Mx
Mi
M,■yx
■ J >
2
{ + A> < ’
2
= J . A ~ z ( 1 
J  2
■ r . ! - o  
J 2
/* + A
Rr
X
R2
X
R r
+
z
R 2
Z
+ R ,
( E y  e y y  + E + e xx ) d z
(Qcg ©xy ) d z
( Gx y  e xy ) d z
( B i  ©xx + E + e y y  ) d z
( E + © ^  + E + ) d z
y
Qxg ex y  d z
G xy e x y  d z
4 . 5 F o r o e - d is p l a c e m e n t  E q u a t i o n s
Th e e q u a t io n s  o f  4 .  23 t o g e t h e r  w i t h  4 . 8 ,  4 . 9 a n d  4a 10  
e n a b le  e x p r e s s io n s  t o  be d e v e lo p e d  f o r  th e  f o r c e s  i n  te rm s  o f  
th e  d is p la c e m e n ts ,, F o r  t h i s  use i s  made o f  th e  e x p a n s io n
1 +
z  z
R  + ? R3 T • • * •
R
t o  r e - w r i t e  4 . 8 a p p r o x i m a t e l y  as
du /A z  \ /W
dxe xx + ( 1
d gw
8 x 4 )
4 .2 3
4 . 24
4 . 2 5
I n s e r t i n g  t h i s  a n d  a  s i m i l a r  e x p r e s s i o n  f o r  eyy  i n t o  th e  e q u a t i o n  
f o r  g iv e s
+  51 
* . • =  J - U i + f / w g + o - f , ) . ( ! - • & )
* » * { # *  f r - i ) -  < £ - » l s S > n  -
C a r r y i n g  o u t  th e  i n t e g r a t i o n  and p u t t i n g  i n  th e  l i m i t s ,  when te rm s
i n v o l v i n g  e v e n  pow ers o f z  d i s a p p e a r , g iv e s
, T * „ +  /3 u  w v A _+ / 0 v w s
A  S x  ( d x  +  r )  + A  E  ( + r /
, 2
fe c d j *  VR ?"  r A  “  R f R  X "  R |+ I  E . M  f e ?  ( 1  -  i  ) -  Aft - I  E + = * .  4 .2 6
1 3w h e re  A  = t  a n d  I  = -jt j- t
S i m i l a r l y  f o r
TVT A A V W  \  A -n +  D U W \
Ny  = A B y  ( 3 7  +  r ]  + a e  f e  + s /
+ 1  E+y  * § F  f t '  i } "  h ? h , ! -  1  B+  S ?  4 ’ 2 ?
The e q u a t io n  f o r  Mr i s
M x !■ i' 0 ) i
2
t-i+ J 0 V  z  S /W 0 2 W N i l - ,
+ E  { g -  + (1  J ]  d *
w h ic h  on i n t e g r a t i o n  becomes
-A/r x  t i +  f t  0 U w  W 0 2w \
Mr  -  -  ?  \  ( R 2 0 x  + r ?r 2 ~  r ? 2 0 X 2  )
,+  /1  0 V  0 2 WI  E + ( -  p  ) 4® 28dy d y 2 1
S i m i l a r l y  f o r
„  _ _+ A  0 v w w 0 w \
M y  - - I E y  a y  + R ? R  ^  “  0  y ^
_  .„+ /1 0 U  0  2 W \ . OQ
- 1 E (b, S I  - d J - N  4 " 29
Applying the expansion on 4b 24 to the expression 4®10 for shear
s t r a i n  g iv e s
ex y
z  ■. f e j  
R a  3 y R
0 V  
0  X
Z
0  f w  /p z_
3 x 0 y  “  R , R. to 30
The e x p r e s s io n  f o r  th e  s h e a r  f o r c e  mXy  t h e r e f o r e  becomes
(J+ 4
Hxy = J >
2
R fr R
0 2 W
( 2  -  — 0 x 0 y  R ,
R z  t o
x y d z
R,
z _ )  0_v 
R '  0 x
C a r r y i n g  o u t th e  i n t e g r a t i o n  g i v e s
t o y  ~ t o y  A
S i m i l a r l y  f o r  N y X
N,y x
/0  U 0  V \
'0 y  + 0 x
*  i  !
0  W
d x d y  VR ? R( l . i )Vt> o  /
(  0U , 0 V  \ 
0 y  0 x  7
0x VR22 R,R 2
1  t o
R |  t o j 4 * 3 1
+  G^ y i  [
0 ^ W  /1_ J_ x - 0 U  /1_
0 x 0 y  R / t o  + R , R 5
The e q u a t io n  f o r  th e  t w i s .t i n g  moment Mr / . - i s
+ A2
M x y . J l
z
z
(1 + f t i (1 t o  + -  - )V
0U
dy
0 2W
0x0y (2 -
z
E , -  f t i
G x y d z
R / 3 x
When i n t e g r a t e d  t h i s  becom es
d v  ,2M t o u  Ix y  -  ~ x y  
A  s i m i l a r  e x p r e s s io n  o b t a i n s  f o r
( A  t o  1 0U 0 d2 w  
f e  -  D ) +  B   20 x  vR 2 R ? 7 R , 0 y  0 x 0 y
f 0U f'2 __ 1 1 0 V 02W
4» 33
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S e l e o t i n g  o n l y  th e  p r i m a r y  term s i n  th e  a b o ve  e x p r e s s io n s  
f o r  th e  f o r c e s  y i e l d s
Nx
w here
D x  ( u 1 +
W \ _ _ / • W \
) + 0 Dx y  ( v  + p  ) )R
% = D y ( V
W \
+ r 3 + G D  ( u 'x y  v
/
+ f 3  | 
\
1fey = 12 (1 -  a  ) ^ x y  • (u* + v ) j
N y x =
12 (1 -  G ) ( u* + V ) ) 
)
4 . 35
M x = K x W ' + G x y w "
)
)
)
Mv = S w' ’ + o K x y
w " ))
)
®x y - (1 “ ° )  K x y  w"
/
)
)
M p x = (1 - O )  % v / 1y
)
)
D x = A E x ' )
)
D y = A
+
E y
)
)
)
4 .  36
£>xy =
A E
0
+ 2AG-X u 
1' -  o
/
)
)
and
IQ
Ki
K
I  E
I  E
I E '
G
x
y
2IGx lj
1 G
4o 37
w h ic h  i n  no w ay e f f e c t s  th e  o r i g i n a l  a n i s o t r o p i c  s t r e s s  s t r a i n  
r e l a t i o n s  4 . 22 s in c e  th e  r e l a t i o n  4 . 38 does n o t  r e s t r i c t  E  o r
I f ,  i n s t e a d  o f  th e  a n i s o t r o p i c  s t r e s s - s t r a i n  r e l a t i o n s ,  
th e  i s o t r o p i c  s t r e s s - s t r a i n  r e l a t i o n s  4 .2 1  a re  i n s e r t e d ,  i t  i s  
s e e n  t h a t  4° 36 re d u c e s  t o
D x = D y = D xy = AB = Et 4.39
a n d  a ls o  fr o m  4° 3 7
K :C DXy = I E  = E  ^2 t 3 4 .4 0
4 . 6 S t r u c t u r a l  A n i s o t r o p y
I t  may happen t h a t  a l t h o u g h  th e  m a t e r i a l  o f  th e  s h e l l  i s  
i s o t r o p i c  th e  s h e l l  i s  a n i s o t r o p i c  due t o  th e  fo r m  o f  th e  s k i n .
The s h e l l  i s  s t r u c t u r a l l y  a n i s o t r o p i c  due t o  r i b s  o r  u n d u la tio n s #
F i g u r e  8#
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where a is defined by the relation
B+ . (1 -  a)  = o e „  4 .38
Figure 8#
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T h is  fo r m  o f  a n i s o t r o p y  can be d e a l t  w i t h  s u f f i c i e n t l y  
a c c u r a t e l y  b y  a d j u s t i n g  th e  o r i g i n a l  e x p r e s s io n s  4® 36 and 4® 37°
W r i t i n g
a n d
f e  =
f e  =
A y E
fey = A x y E
X  ~ U E
11Ph I y E
Ity X i y E
)
)
)
) 4 .4 1
, a i • i £._______I !________ I ;__ L
^ 4 t  £ z l l J +
—>] b. [-«- —*-) b„ [-<— I — b0 [<—
4* 4 2
F i g u r e  9®
F o r  th e  s im p le  case o f  a n i s o t r o p y  i n  w h ic h  t h e  s h e l l  has 
e q u a l l y  sp a c e d  s t i f f e n i n g  r i b s  i n  a  d i r e c t i o n  ( F i g u r e  9) o f  a 
p r i n c i p a l  c u r v a t u r e  w i t h  d im e n s io n s  as sh o w n , th e  f o l l o w i n g  
e x p r e s s io n s  o b t a i n  f o r  th e  s t i f f n e s s e s .
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E>'y I t0 + (b - b0 ) a ] E
and
K. E t 3X 1 2 12
K i  [ + b f  -  ( b  -  b o )  ( ^ - D 3 ]  e
w h e re  T) d e n o te s  th e  d is t a n c e  o f  t h e  c e n t r e  o f  a r e a  f r o m  th e  
u p p e r  ed g e . I f  th e  s h e l l  has r i b s  i n  th e  o t h e r  d i r e c t i o n  o f  
p r i n c i p a l  c u r v a t u r e  th e  same fo r m s  a re  v a l i d  o f  D x and l i x 
b u t  th e  r i b s  h a ve  no e f f e c t  upon th e  s h e a r s t i f f n e s s e s  D Xy  a n d
4# 7  E d g e  S h e a r
When c o n s id e r i n g  t h e  b o u n d a r y  c o n d i t i o n  o f  a p l a t e  o r  s h e l l  
i t  w i l l  be s e e n  t h a t  i t  i s  s t r i c t l y  n e c e s s a r y  t o  s a t i s f y  f i v e  
e q u a tio n s  d e r i v e d  f r o m , s a y
H o w e v e r , o u r  c o n s i d e r a t i o n  o f  a  p l a t e  o r  s h e l l  as a tw o dim en­
s i o n a l  s t r u c t u r e  p r o v i d e s  an e q u a t io n  a l l o w i n g  o f  o n l y  f o u r
d i f f i c u l t y  m ig h t be r e s o l v e d  b y  c o m b in in g  th e  edge s h e a r Qy 
a n d  th e  t w i s t i n g  moment M yX To p ro d u c e  The same e f f e c T  a s The 
a c t u a l  d i s t r i b u t i o n  o f  s t r e s s e s ; Such a o o m b in a tio n  can o n l y  
cause e f f e c t s  o f  th e  same o r d e r  as th e  t h ic k n e s s  o f  th e  p l a t e  o r  
s h e l l ,  w h ic h  i s  assum ed t o  be s m a ll .
The t w i s t i n g  moment a c t i n g  u p on  a  s m a ll  e le m e n t o f
l e n g t h  d x  o f  th e  edge i s  r e p la c e d  b y  tw o  v e r t i c a l  f o r c e s  o f
^ y 9 R x y  > M y  ,  My X
b o u n d a r y  c o n d itio n s #  Thom pson and T a i t  '  show ed t h a t  t h i s
m a g n itu d e  M y X a t  a d is t a n c e  d x  a p a r t  ( F i g u r e  1 0 ) .
/ a *  !
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.  . W t y * *
F i g u r e  10 *
The d i s t r i b u t i o n  o f  th e  t w i s t i n g  moment i s  s t a t i ­
c a l l y  e q u i v a l e n t  t o  t h e  d i s t r i b u t i o n  o f  s h e a r in g  f o r c e s  o f  
i n t e n s i t y
Q y  =
Hence th e  t o t a l  edge s h e a r in g  f o r c e  i s  g iv e n  b y
6 Myn 
d  x
'y
Qy
Qy
+ Q y
d y i u x
0 x
4o 43
4* 4 4
4o 45
The b o u n d a r y  c o n d i t i o n s  a r e  t h e r e f o r e  re d u c e d  t o  th e  f o u r  
( F i g u r e  1 1 ) .
xy> y
Figure 11 *
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The t o t a l  d is p la c e m e n t o f  a n y  p o i n t  i n  t h e  s h e l l  i s  c o m p le t e ly  
d e s c r ib e d  b y  th e  p r i n c i p a l  d is p la c e m e n ts  u , v  a n d  w and t h e i r  
d e r i v a t i v e s .  I n  s a t i s f y i n g  th e  b o u n d a r y  d is p la c e m e n ts  i t  i s  
r a t h e r  more c o n v e n ie n t  t o  fo r m  an e x p r e s s io n  f o r  th e  a n g u la r  
r o t a t i o n  w h ic h  w i l l  be d e r iv e d  f r o m  u ,  v  and w.
I t  w i l l  be e v i d e n t  fr o m  F i g u r e  6 t h a t  Qy th e  r o t a t i o n  
a b o u t th e  x  a x i s  i s  d e p e n d e n t o n l y  upon v  an d  w.
The a c t u a l  r e l a t i o n  m ay be w r i t t e n
4® 8 Angular Deflexion
0  y
v
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5°  ^ I n t r o d u c t i o n
The membrane c o n d i t i o n  o f  a s h e l l  i s  t h a t  i n  w h ic h  o n l y  th e  
s y s te m  o f  s t r e s s e s  r e s u l t i n g  i n  f o r c e s  Rx 9 Ry a n d  RXy -  N yx 
i s  considered®  I t  i s ,  h o w e ve r,- n e c e s s a r y  t o  p o i n t  o u t  t h a t  i t  i s  
n o t  a c o n d i t i o n  o f  no d i s p l a c e m e n t , as some w r i t e r s  ( 17 ) ,  ( 1 8 )  
a p p e a r t o  h a ve  assu m e d , s in c e  o b v i o u s l y  a s t a t e  o f  e q u i l i b r i u m  o f 
an e l a s t i c  b o d y  i s  n o t  c o n s i s t e n t  i f  s t r e s s  i s  n o t  acco m p anie d  b y  
s t r a i n .
5. 2 E q u i l i b r i u m  E q u a t io n s
W i t h  th e  a b o ve  r e s t r i c t i o n s  upon th e  s t a t e  o f  f o r c e s  i n  th e  
s h e l l  th e  e q u a tio n s  o f  e q u i l i b r i u m  ( 4 . 7 )  re d u c e  to  th e  f o l l o w i n g ;
CHAPTER 5
The Membrane Condition of Cylindrical Shells
f e ' + ^xy + X 0
W y + R x y + I 0
Rx
f e
+ iulr 2 z 0
P ro m  h e r e  onw ard c y l i n d r i c a l  s h e l l s  o n l y  w i l l  be c o n s id e r e d , 
c h o o s in g  R 1 = ~ ,  F o r  o o n v e n ie n o e  R 2 w i l l  be w r i t t e n  R .
The above e q u a t io n  (5®3) may  t h e r e f o r e  be w r i t t e n
Ry  = R Z  5® 4
The e q u a t io n s  (5®"0 a n d (5®2) may be p u t  i n  th e  f o r m
Nxy  = -  J  N y  d x  ”  J  X  d x  + f ,  ( y )  5 .5
and
-  J  N xy  d x  -  J  X  d x  + f 2 ( y )
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5o 2 F o r c e - d is p la c e m e n t  E q u a t io n s
The f o r c e - d i s p la c e m e n t  e q u a t io n s  ( 4 .3 5 )  r e d u c e , i n  th e  
membrane c o n d i t i o n , t o  th e  f o l l o w i n g :
Nx = Ox U' + 0  T)Xy
/ ■ • W V
(v + 5 ) 5.7
II Tl / * W \
y (v + R } + ° Oxg u* 5o 8
II %  = 4  ( 1 " 0 )
t
Oxg (u + v ) 5.9
re-arranging (5. 9) g ives
.1 2 N W  
- ( 1 - 0 )  Dxy
w h ils t (5o 8) may be put in  the form
V " 5° 10
Ny = %  (V  + f  ) + 0  U 4'* 5.11
T h e r e f o r e  fro m  ( 5 .1 0 )  &nd ( 5 ° 1 1 )
= M V  + f  )  +  2 N * y f x 5 -  O D x y v " 5 . 1 2
E l i m i n a t i n g  u ' b e tw e e n  ( 5 .7 )  and ( 5 .8 )  g iv e s
v - w  Q D x y J f c  -  5 1 3
R 0 * D XJ/* - DjDy b"15
w h ic h , when s u b s t i t u t e d  i n t o  ( 5 . 1 2 ) ,  g iv e s
A r y  t  -  u j  + 2 % ;  ^  + D y j - g - g ^ - : - g g ;  n  5 .1 4
F ro m  ( 5 .1 0 )  t h e r e f o r e
u"1 = 1 r  H*  -  D „  J - ° . D £ . 4  E  ) ] 5 , 1 5  L y y <■ a 2 T V , , 2 _ ftft, i J° O x g  L y  7  O 2 ] } ^ 2 -  DXD ^
a n d  a ls o  f r o m  ( 5. 13 )
wn _ p j . ,?.,D.xy„,.Nx " ,r. J MLy_ {W _ ±t j rr 2 ft 2 _ n ft 5
R
[ - H J  + 2 N ^  T V D r i b % 6 ‘ -  g f f i D 5 . 1 6
O D X y -  -  -  ( J - U ^ y - -
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T h e s e  a r e  th e  membrane d i s p l a c e m e n t - f o r c e  e q u a t io n s  i n  t h e i r  
m o st g e n e r a l  fo rm * Such a  g e n e r a l  f o r m  w i l l  n o t  be r e q u i r e d  as 
w i l l  be see n l a t e r .
Two more p a r t i c u l a r  c o n d i t i o n s  may be r e q u i r e d , v i z .  t h a t  i n  
w h ic h  th e  s h e l l  i s  i s o t r o p i c  w i t h  a n o n - z e r o  P o i s s o n ’ s r a t i o  and 
t h a t  i n  w h ic h  t h e  s h e l l  i s  a n i s o t r o p i c  w i t h  a z e r o  P o i s s o n 's  r a t i o *  
The v e r y  s p e c i a l  case o f  a n  i s o t r o p i c  s h e l l  w i t h  z e r o  P o i s s o n ’ s 
r a t i o  i s  u s u a l l y  s u f f i c i e n t  f o r  d e s ig n  c a l c u l a t i o n s *  T h is  case 
w i l l  be a r r i v e d  a t  th r o u g h  th e  o t h e r  tw o*
I f  Dx = D y = DXy  = A E  = t E ,  th e n  th e  ab o ve  
e x p r e s s io n s  s i m p l i f y  c o n s i d e r a b l y , y i e l d i n g
v = i r ^ W w j f ^ ^  + at i +2(1 + ] <3* ay
+ x  .  f 3 ( y )  + f 4 ( y )  5 . 1 7
u = (1 - ~ d g ) l F  J  ~°N y   ^ dx + f s  ^  5"18
= I T  t  l - ° * x + n y-  J T [ -  N ”  + O N "  + 2 (1  + o)W
,  N xy  ]  d x  d y  ] + x  f e ( y )  + f y ( y )  5 * 1 9
I n  t h e  o t h e r  case-, i n  w h ic h  a  = o th e  e x p r e s s io n s  ( 5 * 1 4 ) ,
(5o 1 5 ) ,  ( 5 o l6 )  y i e l d
v  = [ ]  d x  d x  + x  .. f s ( y )  + f s ( y )  5. 20
30 tj 30 *
J  I t  * =  + f ,o ( y )  5 .2 1
w = v r t  + R  / / [ ^  ] d x d x + x  f  ( y )  + f  ( y )  5. 22m yDy JI  1 D ^  Bxy J 11 w  J
The membrane stresses of a cylindrical shell can always be 
found from the three equations (5*4), (5® 5) and (5® 6) and from them 
the displacements may be calculated® However, the edge disturbance 
solution is only obtainable if it is possible to assume that the 
stress functions may be written as products of independent functions 
of the co-ordinates x and y, thus,
f (x, y) = g (x) . h (y) 5o
and the function g (x) must be capable of speoification as a 
Fourier half range series. Since determination of the edge dis­
turbance condition includes terms from the membrane solution it is 
necessary to put the surface load system into the form (5.23).
This places considerable restriction upon the loading forms which 
may be adopted, but covers the range of conditions it is usually 
necessary to consider for the purposes of design.
In fact for the purposes of the study of structural shell 
roofs it is necessary to consider only a dead weight and wind 
load condition. The dead weight condition of constant loading 
per unit area of surface will be sufficient to cover the extra 
loads due to snow, etc. Other forms of loading, such as that 
due to hydraulic pressure, may readily be developed but are not 
included here where roof structures only are considered.
5* 3 Load Harmonics
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Figure 1,
The form of the longitudinal distribution function g (x) 
will be a Fourier series representing a constant, the unit series 
being, o < x < I , where the origin is at the end of the shell 
(Figure 1).
 ^ — %  [ sin  ^ + -j s m   ^" + .... ]
The general term being written
where n = 1, 3, 5 , 7 ,
and A =
Y =  q  S i n  Y
Figure 2. Fig Lire 3»
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The fo r m  o f  th e  c i r c u m f e r e n t i a l  d i s t r i b u t i o n  f u n c t i o n  h  ( y )  
w i l l  d i f f e r  f o r  th e  tw o  c a s e s . Talcing  th e  o r i g i n  f o r  y  a t  th e  
c ro w n  o f  th e  s h e l l  th e s e  a r e  as f o l l o w s :
( a )  D ead L o a d  ( F i g u r e  2)
Z  = -  q cos *!~R
y
q  s i n  — 5 .2 6
X  0
w h ere q i s  th e  u n i t  r a t e  o f  loading®
( b )  W ind L o a d  ( F i g u r e  3)
„  . 2%yZ = q w .  s m  —
Y  = 0 5 .2 7
X  = 0
w h e re  q^ i s  th e  u n i t  maximum r a t e  o f  lo a d in g  a n d  <p i s  th e  a n g le  
s u b te n d e d  b y  t h e  s h e l l  a t  i t s  c e n t r e  o f  c u r v a t u r e .
The g e n e r a l  te rm s  o f  th e  G o m p le te  lo a d in g  f u n c t i o n s  f  ( x ,  y )  
a r e  as f o l l o w s :
Dead L o a d  Z  = -  ^  cos j  . s i n  A x  5® 28
Y  = ^  s i n  ~  . s i n  A x  5® 29
W ind L o a d  Z  = s i n  s i n  A x  5® 30
B y  s u b s t i t u t i n g  th e  e x p r e s s io n s  ( 5 * 2 8 ) ,  ( 5 « 2 9 )  a n d (5®30) 
i n t o  th e  e x p r e s s io n s  f o r  th e  membrane f o r c e s  an d  th e s e  l a t t e r  i n t o
th e  d is p la c e m e n t e x p r e s s io n s  th e n  e x p r e s s io n s  may be o b ta in e d  f o r  
th e s e  v a r i o u s  i n f l u e n c e s  i n  a  more s u it a b l e  fo r m  f o r  use i n  d e s ig n *
C o n s i d e r a t i o n  o f  th e  e x p r e s s io n s  f o r  dead lo a d  y i e l d s  fr o m
( 5 . 4 ) .
II!Zi 4-Rq
n -x
cos yR ,  s i n  A  x
e q u a t io n ( 5 .  5 )
t o y  =
4 q J  s i n yR . s i n  A x  . d x
t o
1IK
J  s i n XR e s i n  A  x  „ d x + f
=
8q
n-xA
s i n XR 8 oos A  x  + fi (y)
At x = —■ it may be noted from considerations of 
symmetry, that toy = o and therefore ff (y) = o since
Cos ~  = Cos = o (n is odd)*
® x y  =  T O  s i n  f  '  c o s  X x  5 = 3 2
From equation (5° 6)
W;c = ~  m O R  - f c o s  f  c o s  4  x  d x  + +
= -  T O f 5 t  C0S B S i n  4 x  + * 2  ( y )
s in c e  S in  o = o
At x = o, = o and therefore f (y) = o
f e  = -  s j f e  003 e  s i n  x  5- 33
The expressions (5. 3*0> (5*32) and (5.33) may now be used 
to determine the membrane displacements for the two types of shell. 
Firstly, in the case of an isotropic shell with a non-zero Poisson's 
ratio, from equations (5® 17), (5® 18) and (5® 19)®
V = - < * )  [ 4  + 3 °  + v l 5 1 S l n  f  S ln  4  X  5' 34
The te rm s  f  ( y )  a n d  f  ( y )  a re  b o th  z e r o  s in c e  v  = o a t  
x  = o and x  = I
U = E t n f e ^ l  -  O * )  t 2  ~  ° * * * ‘  1 0 0 3  R  C° S 4  X 5 “ 3 5
The te rm  f 5 ( y )  = o s in c e  u = o a t  x  = ^
w = -  —— [ R 2 + + f t  1 cos — s i n  A x  5® 36• .E t n r c  (1 -  o 2) L X 2 A4 R 2 r
The te rm s  f  ( y )  and f ? ( y )  a r e  b o th  z e r o  s in c e  w = o
a t  x  = o a n d  x  = i
The d e r iv e d  d is p la c e m e n t dy may be o b t a in e d  f r o m  th e  
e x p r e s s io n s  f o r  v  a n d  w
v
= w  -  r
= E t n f t h  - O 3 ) ^  ~  2 0  ] S i n H S i n X X  5 ” 3 7
S e c o n d l y , i n  th e  c a s e  o f  an a n i s o t r o p i c  s h e l l  w i t h  a z e r o  
P o i s s o n 's  r a t i o ,  fr o m  e q u a t io n s  (5® 2 0 ) ,  (5® 2 1 )  and ( 5 . 2 2 ) ,
The te rm s  f 8 ( y )  a n d  f  9 ( y )  a r e  b o t h  z e r o  s in c e  v  = o a t  
x  = o a n d  x  = l
u t o
t o
3. 39
The te r m  f 70 ( y )  = o s in c e  u = o a t  x  = ■=•
4t o  r s i  .*n or u tn *
>y “ x y P  +  p 3 ? l  0 0 3  f  S i n  X X
% 40
The te rm s  f  J? ( y )  and f 75 ( y )  a re  b o t h  z e r o  s in c e  w = o 
a t  x  = o a n d  x  -  i
The r o t a t i o n  i s  o b t a in e d  as a b o ve
y
t o —- s i n  s i n  A  x
n x n R
F o r  t h e  v e r y  s p e c ia l  c a s e  i n  w h ic h  th e  s h e l l  i s  i s o t r o p i c  
- w ith  a z e r o  P o i s s o n ’ s r a t i o  b o t h  th e  above s e t s  o f  e x p r e s s io n s  
re d u c e  t o  t h e  same
t oN„
N ,
N.x y
4qR
n X
n x A
cos
cos
s i n  A  xR
•*£ s i n  A  x  R
u t o .Et  nxA3R
s i n  *0 cos A  x  
K
cos •— cos A  x
XI.
v  = [  2 1 t oA2 R2 J E t n x x 2 s i n
X
R s i n  X  x
w
7y
r a 1 1 -
= A a X  s i n  z
E f c n X  R
t o  2
A 2 +
s i n  A  x
4 a
t n *  0 0 3  f  S i n  X X
5,41
5.42
S e c o n d l y , th e  w in d  l o a d  membrane s t r e s s  a n d  d is p la c e m e n t 
c o n d i t io n s  m ay be o b t a i n e d , as a b o v e , b u t  u s in g  i n s t e a d  th e  lo a d  
f u n c t i o n  e q u a t io n  ( 5° 30) .
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and
The cases of
(a) zero Poisson’s ratio
(b) an isotropic shell are readily obtained and yield the 
following equations in the particular case of zero 
Poisson's ratio and an isotropic shell.
N
Ni
N
u
w
x  n F c p
^6auJ% . 2% y  g LLX1
cpR sin X x
s i n
8q«;
' x y  ~  n X ^
2 ^ ycos cos 4 x
y  i i
1 6qcyTC 
Et nT TAR s=Ln
1 6pRQ r x
i t n c p X 2 L
+
2% y  .
t pR ’ COE 4 X
S V - 2 ] cos 2S Si n X xX 2 R 2 c p 2 J  cpp
4 q c y  r . R 2  1 6 ^ 3  Q %  -i . 2 ^  y  . ^
Efcn ^  + X4 Rp cp4 + X T  4 <PR
8qcy
Etncp R X4R
cos ■ sin X xcpR
2 ) d  + ^ W )  + R  1
X
5 .4 3
C H A P T ER  6 
The Ed g e  D is t u r b a n c e  E q u a t i o n
S in c e  t h i s  w o r k  i s  c o n c e rn e d  o n l y  w i t h  c y l i n d r i c a l  s h e l l s  
i s  a g a in  n e c e s s a r y  t o  w r i t e  R ? = «> and R2 = R  a s i n
C h a p te r  5® The e q u i l i b r i u m  e q u a t io n s  4 . 7  t h e r e f o r e  become
6, 1 Derivation of the Equation
f e  + V  + X  = 0  )
N y  + N X y  + ^  + I  = 0 )
r E lQx + Qy ~ r + z = o
)
^ y  + ^  x y + § y  - 0  )
. , )
M x  + My x  + ”  0 )
Ed g e  d is t u r b a n c e s  o n l y  ( l i n e  lo a d s )  a r e  t o  be c o n s id e r e d  
an d  t h e r e f o r e  X  -- Y  = Z -  0 so t h a t  th e  f i r s t  t h r e e
e q u a tio n s  o f  6 .1  m a y b e  w r i t t e n
f e  + ® y x  = 0  j
)
y + f e  y + |
j
Q i  + d y  - ^  = 0 )
The force - displacement equations 4. 35 reduce to
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Nxy
M x y
N . Dx u + O 3Dxu ( y  + .D )'xy R
N
N
y t o  ( v  + f  ) + u ‘x y
y x  
Mx
M
y
i  (*1 -  o) DXy (u + v ‘)
Kx  w + o  I ^ y  w
t o  w + o  w
Myx (1- - a) K Xy w
.  i
6*3
One g o v e r n in g  e q u a t io n  i n  term s o f  th e  d is p la c e m e n t w w i l l  
now he d e v e lo p e d
Fro m  e q u a t io n s  6. 1
Qx = ~ (M* + Mjry )
Qy = - (fry + Mxy )
F ro m  e q u a t io n s  6e 2
N R (Qx + Q u )
Whence from 6* 4
N,
A l s o  f r o m  60 2
toy’ =
R  ( M j  + 2 M t o  + M y  )
N y
M
R
R (M x + 2 M x y  + M- y  ) 
+ R  0^ y + ^  x  y )
6„ 4
6*5
6*6
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N x "  = -  R  ( M " "  + 2 U f  + M y '  )
p  ( ^ i /  + ^ x y  )
F ro m  e q u a t io n s  6 .3
2 Nxt/ 1 o
(1 -  a )  -  n  +  6 . 8
Rx 0 Dxu f„i w x ^ ^
W  = u  + “ f t  + R  '  6 - 9
N y ' D y w N r  ,
O T y  ~  U + O B ^  (V *  1  6 ‘ 1 0
S u b t r a c t i n g  6o 1 0  fr o m  6.9  g iv e s
f e .  M.y _  P v x y  0 /  -» / v  a. a  11
D x O D x y  '  D x aBxiJ  R
W r i t i n g  B r  = P 7  a n d  B n = ~ 4  6 .1 1  becomes
D x y  a  D x y
y  =  < f e -  o i f c ) -  +  5  ^
A g a i n  f r o m  e q u a tio n s  6, 3 th e  f o l l o w i n g  e x p r e s s io n  i s  
o b t a in e d
U -  ( f e -  - f e -  )  ( f e  -  f e ) - ’ 6  1 3
-  %  O D x y  7 ° ''By O ) b - 1 3
D i f f e r e n t i a t i n g  e q u a t io n  6® 8 g i v e s
From 6® 2 and 6. 6
• • » • " 2N x y  ,  *,
u  +  V =  (1  _  a )  D s y  6 . 1 4
. . I • "Substitution may therefore be made for u and v in 
6.14 by suitable differentials of 6.12 and 6,13 which leads to an 
equation
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/NxH Nyn \ /_£_ Rxx By
^ B x  O  '  * ^By O '  + ^By  “  O  '  * ^ B x  “  °
"  f  D l y  ^  ^  = t i c r t  * ^  ”  o +  ( j f c  - " a t ) 6 ‘ 1 5
Now, in order to be able to substitute the expressions 
6.5, 0,6 and 6,7 (for Ny, Nxy and N x in terms of the moments) into 
the above expression 6,15 it is necessary to differentiate 6.15 
twice with respect to x giving
,  II II I* II X ,  , .  II . i t !  .
( H i  O -  N y  B j )  t  ( » 9 O -  B j  B y  )
n» _w 2 * ii i s . s
-  H D* t f P  = f a T o  * x y  P  6 - 1 6
where
P = O2 “ Bj; By
It may be noted that for an isotropic medium B^ B y  = 1
whilst O 2 will not usually exceed 0„ 1 so that it is unlikely that 
O 2 = B J* B y .
Using, then, differentials of 6.5, 6.6 and 6,7 equations 
6, 16 may be written in terms of the moments . M.x, My and M^y 
and their differentials. The complete expressions required are 
shown in Appendix 5 equations 2.
However, the substitution of the moments into 6,15 yields
a heavy equation which is more eas.ily dealt with by substituting 
for the moments-in equations 2 their expressions in terms of w 
given by the last three equations of 6.3* The range of
expressions required is shown in Appendix 5 equations 3«
It is now assumed that the form of w is such that it may 
be separated into independent functions of x and y, as were 
the load functions
w  (x, y) = 0) (x) W (y) 6# 17
Also as before the function w(x) is assumed to be definable 
as a Fourier half range sine series with a general term
. CO n (x) = ” • . C n . Sin X x 6.18
where \ On = a constant
The partial differentials may now be written
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d  r +  s w  _  c f w  0 S W
6 x r . d ys  ~ d x r  0 0 y s
„  (~ l ) 2 * * Gn .  S i n  X  x  . Ws 6„ 19
where r is even
and
— tt-—  = ( -  l )  2 . O n . Cos X  x  . W5 6. 20d x r .  d y s '  n  71:
where r is odd.
H e r e  a s i m p l i f y i n g  n o t a t i o n  i s  i n t r o d u c e d
A 3' = A""'
A
It is therefore possible to substitute the expression 6.17
for w and 6019 and 6.20 for the differentials of w  into the
expressions for w.
Here it will be noted that all the required differentials 
of w include only even values of r, including the w terms 
in 60 1 60 Therefore all terms in 6.16 will contain only sine 
terms , see 6.1 9.
Since also all the terms of 6.16 include only first powers
of the differentials of w it is possible to divide through by
the oommon f a c t o r  —  . C n . S i n  X  x
nTC n
The form of the expressions thus remaining are as follows
Xs W )
X8 W2‘ ).
)
X 4 W 4 * )
)
_X2WS * )
W8 * \
)
- X 6 W  ) 6 .
X4 W 2 * )
X 2W 4 ‘ )
)
\ 4 V  )
)
These expressions may therefore be substituted into the 
equations 3 giving equations 4 (see appendix 5). The latter
s 'w
■yy*?
W 4  *4* 
W 6 ' 2 ' 
W 8  ‘
w  9 1
w 2 * 4
W 4  ° 2  *
W 6  *
W 4  *
75
equations 4 may be substituted into the equations 2 giving further 
equations 5 (see appendix 5)«
Equations 5 may now be substituted into the equation 6*16 
when an eighth order linear differential equation in terms of 
the distribution function W  is obtained*
Here the following are used
C
K_ x
' X  ~ * x y
C,, = 6*22
y Kxy
W s ' +  W 6  0 } — + ( o  + — —— ) -  |< R 2 B y  V 1 - o' G y  i
+ ^  B r t 7 ^ ^ ^ a + T T “a )  -  2 A 0 B X + 2 . A - . C X ( a  + T — a )  i
+ W  t o  f p  Bx C x - y  . | ^ P  ] = 0  6,23
y y  x y
Since this is a linear ordinary differential equation a 
solution may be assumed of the form
W  = G e m y 60 24
This gives an auxiliary 
Ft 5 I  ^ 2A2 (^  P  ^ 2A 2 •)
m +  r 5  + i : ( 0  +  ~ o )  -  c  lU  1 -  0  +
4 c A 2 , 2P v A 2 4 Bx Gr\ 4-A4 , P 
+ m   ^R2 By  ^ + 1 - R20y + By + Cy " ByCy + 1 - 0
+ m 2  R*^ + 1 ~ o') ~ to + 2 .A6.Gj.(o + y-—  )
y y
1
I  **  ®r  c i  “  K  • T O 4 p  I = 0B y G y  ‘ S ' '  K x y
This equation being of the fourth order in m 2 can always be 
solved. In any particular numerical case it is probably convenient 
to use some method such as Newton's approximation.
Two principle simplifications are possible here,; First the 
case of an isotropic shell may be considered when
f e  = f e  = . 0 *  = G y  = 1
also _ _  ^ j „ E t3
p  x y  “  t xy ~ 12
'76
O c
and
°  + £ ~ o  = °  “  ( 1 + ° )
and 0 + -- = o - 2(1 + a) = - (2 + o)
which gives
ms + m 6 (J-2 - 4 A2 ) . + m^ A2 [ 6 A2 - j
+ [ fe % ° - 4 A 2 i + A 4 j / +  f t )  - f t  o 6. 26
0 M  
R
6.2, as is usually done, the equation becomes
Alternatively had the term been omitted from equation
+ m 4 f t  ( £ *  + £ * )  -  1 ^ ( 0  + r 4 - 5 )  1‘ B y  G y  B y G  y
V  ^ 8BX C X - W -  p 1 = 0 6-2?+ By C « "  “ “ E * * K x y
m8 - 4X2m s + 6 X 4 m 4 - 4 Xe m 2 + Xs + X4  ^  ^ = 0 60 28
G ^
This is the equation it is proposed to use for producing a
( 1 3 )design method# It was first given by Jenkinsv in the more 
restricted form in which o = 0
Dividing through by a factor 6 8 
where 5 = ~_4L)) 4 ^  29
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If both restrictions are enforced the equation reduces to
gives
m 8 4m6 X 2 6 m 4 X4 4m2X s X8 , r6s " + ” 6 8 “  ~ “ 68”  + 6^ + 4 = 0 6.30
By introducing a further factor v which is non-dimensional
where >2 _ *
v = ^  = S 5  (  —  - M _ . 6 . 31
1 J3(1 - o*)
gives
m , m ^ x, , re m 4  , 2  1 h i2  3 4  ,^  “ 4 t t  v + & 7 7  V _ 4 — - v + + 4 = 0
6 s  6 G o 4  6 ^
Which may be written
- v )4 + 4 = 0 6a 32
60 2 Solution of the Equation
The algebraic equation in m  6. 32 has eight complex roots
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m
6
m
(j ± ik)
( j ? 1  i k ? )
6® 33
where j , , k and k r may be obtained explicitly in terms of the
factor v » This solution is shown in appendix 6 where it is
shown that
p /  1 + (1 + v ) 2 + (1 + v ) j 2 )
lc
1 + (1 + v f  - (1 + V)? 2 
2  1
J 1 + (1  -  y )  -  (1 -  y ) | g  )
6 .  3 4
I + (1 ~ v) _L 0  z v)| 2 )
Certain properties of these roots may be noted
k 2
k 2 
1
2jk
2 j , k ;
v + 1
v  -  1
1 
1
6® 35
form
The solution 6„ 24 may therefore be written out in extended
W = G e 6(j + ik)y + G e“ 5 + ikL  + G3 e 5(j ' ik)y
1 2  J
s e- S(j - ik)y + G 6(j, + ik,)y+ G e-6(j, + ilc()y 6 g
4  -  o
+ G 7 e 5(j, - ik,)y + G e- 6  (j, - ilc,)y8
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Using the identities
eiff Cos ff + i Sin ff )
and
6. 37
e ■iff Cos ff i Sin ff
the solution for W may be rewritten as follows, where it is 
unnecessary to note the relations between the G's and a's and b's
It is seen that the solution consists of eight harmonic 
functions whose generating vector suffers exponential variation, 
the first and third group increasing with y whilst the seoond 
and fourth decrease with y.
By appealing to the physics of thq problem it is seen that 
the former pair represent a function originating from the shell 
edge y = y ? whilst the latter represent a function originating 
from the edge y = y 2 where y2 < y  . It is usually con- 
venient to transform the axes so that y 2 = 0 .
Considering only the function originating from the side y 2
W
W = e ^ 7" (af „ Cos k 6 y  + a 2 Sin k 6 y)
6# 39
+ e (a3 0 Cos k f6y  + a 4 Sin lq6y)
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The nth derivative of W  with respect to y will be
W n° = H n [ e'
+ e
j A:n . (aT » Cos kSy + a2 , Sin k6y)
+ Bn , (a2 , Cos k5y » a, . Sin kdy) ]
[ Gn , (a3 * Cos k ?5 y  + a,4 „ Sin k ,6 y )
6 * 4 0
+ D n . ( a 4 o Oos k ?6 y  - a 3 , Sin k f6y) ] ]
The constants A n -= D /7 are connected by the following
recurrence relations
A,
B n
D,
J  A n ~, t k Bn-;
k A n - / j  t o - ;
j,Cn -, - k,Dn_ (
Jr ® n-r
6.41
and
A
B
0 ,
Di
(1 +v) An_2 + Bn _ 2
(1 - v) ■ 0n_ s + D,n - 2
-  Cn_ 2 -  (1 -  V) . Dn.
6 .4 2
This enables the coefficients of any derivative of Yf to be 
written down. Those up to the seventh have been included in 
Table 1 below
TABLE 1
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n H n °n
0 1 1 0 1 0
1 6 “j k -j, k 1
2 62 . 1 + V - 1 — (1— v) -1
3 6 3 -j(1+v) + k k(1+v) + j 3, (1~ $  + k -k, (1-v) + j,
4 kA (1+ v)? - 1 -2(1+ v) (1- v f  - 1 2(1- V)
5 65 j I i--(nv)2 j
+ 2k(1+ v)
k [ (1+vf -lj 
+ 2 j (1 +v)
j, fl-(1- vf]
- 2k, (1- V)
k,{(1-vf-l] 
- 2j, (1" v)
6 6 g ( 1 + v ) 3 - 3 ( 1 + v ) 1-3 (1+ V)S - ( 1 - v )3 + 3 . ( 1 - v ) 1-3 (1- v) 2
7 6 7 - J  1 ( 1 +  v ) 3  
-3 (1 + v) S 
-k [ 1-3(1 +v)2j
k [ (1+ v ) 3 
-3 (1 + v) ] 
-j [ 1-3(1
-3,{-(1- v ) 3 
+3 (1- v) ? 
-k, [1- 3(1-Vf]
k, {-(1- v ) 3 
+3 (1- v) } 
-j,[1-3(l-v)2]
6. 3 Expressions for the Influences
In obtaining the general equation all the influences (forces, 
moments, deflexions) have been put directly or indirectly in terras 
of the deflexion w  and derivatives of w.
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These relations may therefore he used to put all the influences 
in terms of the solution w for the equation.
For example the moment My may be written
M y G = E  I  (w2‘ + a  w 2')
= E I [o> (x) 0 W2 (y) + a co2 (x) „ W (y) ] 
= . Cn . E I Sin A x  [ (y) - aA2 V/ (y) ]
= » 0 n • E l  Sin A x  [ e~^ y [(EftA 2- aA2HQA 0)o (a,Gos k5y
+ a2 Sin k5y) + B o)(a z Gos ~ Sin kGy) ]
« ^
+ e"J' y [(H2C2- p X 2 H 0C (a3 Cos k,Sy + a 4 Sin k,6y)
+ (H^D2 - 0 4 2 H0D0). (a4 cos k,6y - a3 Sin k,5y) ]] 6.43
A general expression for any influence may be written 
F = L j e [Tn. (af Cos k<5y + a2 Sin k$y)
+ An . (a2 Cos lc5y - a ? Sin k6y) ]
“ j 5y
[ © n  . (a3 Cos k ;5y + a^ Sin lc;6y) 
+ V  n o (a4 Cos kfd y - a^ Sin k f5y) ] j
6* 4 4
Where
m f (Hn A n )
A n = f (HnBn)
©n = f ( H  nCn )
Wn = f (H n+ )
60 45
Since the form of the fmiction f is the same for V , A , © 
and ¥  , only the form of T need be denoted.
These are shown in Table 2 below.
TABLE 2
p L r
Ht Sin A x a H 2A 2 - A2 H0A 0
My Sin A x H2A 2 - OA2 HqA 0
^ x y (1-0) ACos A x H,A,
% ^  Sin Ax V  s - 242 H /  4 + A4 n2A2
N y R Sin Ax - E 4A 4 +  2A2 H2A2 -  V l ^ A 0
Nxt/ ^  Cos A x - HsA5 + 2 A2 H3A 3 - A4R,A,
Qr Cos A x - + A 3 R0A0
Q y Sin A x BLA + A 2 H A 3 3  1 1
u R CosAxa3 ei ‘ 1- o 2 - HsA e + X2 (2-a) H A ^  - A4(1-2o)HsA 2- A°CfeA0
V
R SinAx 
A4EI * 1-o2 H?A7 - ?f(4+0)H5A 5 + A4 (5+20) H3A3-A®(2-a) H,A,
w
1 Sin A x
0y
1—  Sin A X 
JLl
H,A,
Sin A x H3A 3 - OA^ H A i
For the purposes of design in reinforced concrete the 
Poisson's ratio will be taken as zero,O = 0o The actual 
value of Poisson’s ratio for plain and reinforced concrete has 
been determined as part of this work, see experiments Series I, 
and it has been found to be sufficiently small to allow of its 
being equated to zero without seriously affecting the stress 
distribution within the shell.
W it h  t h i s  a s s u m p tio n  i t  i s  f o u n d  t h a t  c o n s id e r a b le  s i m p l i ­
f i c a t i o n  r e s u l t s  i n  th e  fo rm s  o f  F  ,  A  ,  © and f  w h ic h  may be 
re d u c e d  t o  f u n c t i o n s  o f  th e  s o l u t i o n s  j ,  lc, j 7 a n d  k ? an d  th e  
c o n s t a n t s  V and 5 . The c o m p le te  e x p r e s s io n s  a re  shown i n  
T a b le  3* I t  may be n o t e d  t h a t  a l l  th e s e  e x p r e s s io n s  a r e  
r e l a t i v e  and may t h e r e f o r e  be m u l t i p l i e d  th r o u g h o u t w i t h o u t  
a f f e c t i n g  t h e i r  use#
In effect they form a "stiffness matrix" for the shell edge#
TABLE 3
p L r A © ¥
vS2 -1 0 I -1 0
My S2 (1+v) -1 -(1- V) -1
■^■xy /v  52 k
N* 2R ^ 4 V -1 -(1+v) 1 -(1-v)
Ny 2R 04 0 1 0 -1
Nxy —  64 /v -k - j k 1 j /
^x /v  63 .-1 1 1 1
Qy 63 j-k -(j+k) “ (j / + k?) k j 7
u 2- R S3 Et * v /v 1 (1+v) -1 (1-v)
V — . — 53 Et B v2 j+k (1-v) j(1-v)~k “j, +k? (1+v) j ,(1+v)+k,
w 1El 1 0 1 0
ey 6El - j k k ?
p y 53 . j ( 1-v)-k “ [j+k(l-v) ] (1+V)+kJ -j, +k, (1 + v)
Note: In the *L * column the harmonic has been omitted.
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CHAPTER 7
Ed g e  Beams
I n  d e v e lo p in g  th e  edge beam p r o p e r t i e s  s im p le  beam t h e o r y  
has b e e n  used i H a rm o n ic  fo r m s  o f  l o a d i n g  a re  used t h r o u g h o u t , as 
i n  th e  c a s e  o f  th e  s h e l l ,  a n d  th e  l o n g i t u d i n a l  beams a r e  assum ed 
t o  be s i m p l y  s u p p o r t e d , whence th e  d is p la c e m e n ts  w i l l  a l s o  be h a r ­
m onic f u n c t i o n s .
T r a n s v e r s e  b e a m s , i . e .  beams n o rm a l t o  th e  a x i s  o f  th e  s h e l l  
a r e  assum ed t o  be r i g i d l y  f i x e d  t o  th e  l o n g i t u d i n a l s .
The p ro b le m  o f  t o r s i o n  p r e s e n t s  one o f  th e  g r e a t e s t  d i f f i c u l t i e s  
s in c e  no a d e q u a te  a n a l y t i c a l  m e th o d  e x i s t s  f o r  d e t e r m in i n g  th e  t o r ­
s i o n a l  r e s i s t a n c e  a n d  c e n t r e  o f t w i s t  o f  r e i n f o r c e d  c o n c r e te  beams#
A n  e x p e r im e n t a l  d e t e r m in a t i o n  h as b e e n  c a r r i e d  o u t  as p a r t  
o f  t h i s  w o r k , se e  P a r t  I I I ,  C h a p te r  t o  p r o v i d e  a  b a s i s  f o r  such 
c a lc u la t io n #
E d g e  beams o f  tw o t y p e s  may be u s e d  i n  c o n j u n c t i o n  w i t h  s h e lls #  
The f i r s t  i s  a s i n g l e  beam e i t h e r  a t  tffe edge o f  a  s i n g l e  
s h e l l  o r  a t  th e  j u n c t i o n  o f  tw o p a r a l l e l  s h e l l s ,  i n  some fo rm  
s i m i l a r  t o  th o s e  shown i n  F i g u r e  '\0
7# 1 Introduction
Figure 1#
Alternatively, cross beams may be used to connect two 
longitudinals as is frequently the case in roof light systems 
and northlight shells, as in Figure 2e
For the discussion of beam properties we shall use a 
rectangular cartesian scheme of axes, Figure 3? i-n which the 
x co-ordinate corresponds to the axial direction of the shell, 
Y) is vertical and jj, is directed horizontally normal to the 
shell, axis. .
<2
Figure 3°
When using E, I and A the symbols refer to the effective 
elastic modulus, effective second moment of area and the 
effective cross sectional area of the beam,
7.2 Vertical Loading
The first case to be considered is that of vertical loading 
producing bending about one principal axis of the beam section.
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retrrnTf ■ TITirn^
A A
/  ---------------- J
Figure 4°
The expression for the rate of vertical loading will be 
written
Nr)  = V . Sin X x 7.1
Where it is to be noted that the dimensions of Np and of V 
are of Force x Length 1
The bending equation is therefore
d4wE I dx Nrj 7  c 2
which integrated twice gives the expression for the bending moment
d2wE I dx2 M
V
X2
n  Sin Xx 7o 3
where the dimensions of t he moment are Force x Length, as 
required.
It may be seen that the constants of integration disappear 
since the beam is simply supported and therefore M  = 0 at
x = 0 and x = I . The expression for the vertical deflexion
is obtained by again integrating twice
Vw, E I X 4 . Sin X x 7 . 4
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Since the beam has a finite depth and the shell is not 
usually connected at the neutral axis of the beam, the line of 
connexion will suffer a longitudinal deformation.
Suppose that the shell is connected to the beam at a 
distance T] above the neutral axis* Then the longitudinal 
deformation may be obtained, for
M  E
I  = R b
where R y  is the radius of bending of the loaded beam.
Therefore the strain at any fibre distant h from the 
neutral axis is
Where the constants of integration again disappear*
I I
t o
VT] . *
^ 2  S m  Ax 7* 5
The displacement u^ in the direction of x is given by 
the integral of the strain ( 7 « 5 ) o
VT)
m v = - J E l A 2 Sin Ax . dx
V T]
u v  =  y y ^ G o s A x
where the constant of integration disappears since by symmetry 
Iu = o at x = y
7o6
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The second loading case to be considered is that of a hori­
zontal shear at a distance T) above the neutral axis of the beam
7o 3 Shear Load
iTflmrw
I
■ Figure %
The general term of the series describing this form of 
loading may be written
NXT] N Cos X x 7.7
Here again N and N have dimensions of Force x Length - 1
Such a load will produce a direct compressive force along 
the centroid of the beam given by
N r ' '
N
X Sin \  x 7*8
Here it is seen that N x has the dimensions of a Force.
The average longitudinal stress produced by the shear force 
is therefore
xx AAX Sin \x 7.9
N  o- ■> e = - S m  A xE A A
The longitudinal displacement at the line of centroids is 
given b^ the integral of the strain
u = | e . dx
N  rt 1
• • u = m ? 0 o s X x
The upper surface shear will also produce a bending moment 
due to its eccentricity
M = T) . Rx
-  -  X "  s i n  A  x
The displacements produced by this moment are readily 
obtained from the expressions 7® 4 and 7® 6 already derived.
Thus,
v n  =  -  i r 4 s i n X x
and
' T N  ~  .
u  = m t  - C o s X x
The total displacement at the point connexion is therefore 
the sum of 7® 11 and 7® 14
The longitudinal strain being
The effects of prestressing ma^ r he introduced either by using 
the deflexions produced by prestressing a free beam or by deter­
mining the forces produced at the shell-beam connexion. The
latter method has been used here.
Suppose a prestressing cable, at distance 'g 1 above the line 
of centroids of a beam, induces a longitudinal compressive force 
in the beam which may be expressed as a Fourier series with a 
general term
H = “ Sin \ x . 7*16
Here it is to be noted that the dimensions of PI and F are those 
of a 'Force1.
Since the centre of compression is displaced from the line 
of centroids, the deflexions of the beam at any point distance p
from the line of centroids will be given by expressions similar
to 7* 13 and 7o 15 which were derived from 7*8°
These may be written
92
7o 4 Prestressing
= -  l i f e  s i n A x  7 ° 1 7
u ,
4 F
[  i  + ? £  ] c o s  X x  ' 7 . 1 8B n x X  L A  T I
I n  o r d e r  t o  e l im i n a t e  th e s e  d e f l e x i o n s , l o a d i n g  r a t e s  V  
a n d  N  w i l l  h a ve  t o  be a p p l i e d  a t  p  s u ch  t h a t
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u s + u v + u n ~ 0 7® 20
Thus f r o m  7® 1 9
S i n 4 x  -  S m U  -  ^ p S m ^ x  =  0
Whence
—  A2g F + V + Ail N = 0
n-K 1
w 5 + w^ + Wn = 0 7.19
and
V  = -  i  A 2 g P  -  A t] N  7 .2 1
P ro m  7« 20
+ ^  ] Cos A x  + C o s X x  + ^  [ i  + y ] C 0S A X  = 0 .
+ ' f  + A N [ l + f ]  = 0 7 .2 2
S u b s t i t u t i n g  7 ,  21 i n t o  7„ 22 g iv e s
A  x * p [ i  f e ]  _ f e .  4 n g P _  A f n  + [ i  + ] =  0
nft L A I J nft I I L A I J
jj =  ' _  7 . 2 3
. * iN n %  J
(N  h a v in g  th e  d im e n s io n s  o f  P o r c e  x  L e n g t h  ) a n d  th u s  th e  down­
w a rd  r a t e  o f  l o a d i n g  i s
v  = A2 P  ( t , -  g ) 7 . 2 4
(V  a l s o  h a v in g  th e  d im e n s io n s  o f  P o r c e  x  L e n g t h  1)
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If curved pre stressing cables are used which give an upward 
rate of loading, the general tern of which may be written
U = —  6 Sin A x
n %
then the downward vertical loading rate to maintain the undeflected 
state becomes
v  = 4  ^  -  8 )  + 6  ]
7* 5 Twis ting
Since the edge beams will not be infinitely stiff in torsion 
they will twist under the action of the shell bending moment My and 
also under the action of lateral forces which have a moment about 
the centre of twist.
Suppose the beam has a centre of twist at a distance T] £ 
below its line of connexion with the shell and has a torsional 
rigidity G- I0
7. 25
7* 2 6
Figure 6*
95
The relation between torque and twist is
T = - G Jo 4 ^  7.27
and the rate of application cf the torque is
My  = S
„  ^  d 2 0 y
Ct I o  I F ?  7 ‘ 2 8
The moment will be in the form
M^ = M Sin X x 7# 29
so that the twist is given by
dy = J l  M y .  dxdx
M
Qy = gTqX2 S i n X x  7,30
Such a twist will cause a displacement at the line of 
connexion
v = 0^ T)t
= S 5 s i n X x  7 " 31
If a horizontal force with a rate of loading
= J Sin Xx 7.32
is applied to the beam at the line of connexion with the shell 
then it will produce a torque rate given by
whence the rotation will he
®y
•and the horizontal displacement
v
In addition the horizontal loading will produce bending 
displacements given by
The total horizontal displacement due to the eooentric 
loading is therefore
7.6 Roof Lights
Roof lights, either of the North light type of Figure 2 or 
arranged at the vertex of the shell, may be treated analytically 
provided they run the whole length of the shell and the effects 
of cross beams may be considered as uniformly distributed.
Expressions will be derived for the arrangement shown in 
Figure 7®
v
and
J o e  ~
2231 A 5 Xu
v
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Figure 7°
Under the action of loading directed along the T) axis the 
roof light deflects in the same way as the beam considered in 7° 2, 
the cross beams contributing nothing to the stiffness# The same 
applies to a shear loading N^ff as considered in 7. 3°
Under the action of a loading directed along the ff axis the 
cross beams will provide an elastic foundation to the longitudinal 
beams and it will be convenient to consider this foundation as 
uniformly distributed#
The stiffness of each cross beam under direct load is
2 A 7 E
This effect is distributed over a length £ The cross 
beam and the ‘effective* foundation modulus is therefore
2A ? EK = 7 .  38
The equation of equilibrium of a beam on a linearly elastic 
foundation is
El djv 2 dx4 Kv + N ff 7 * 39
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W ith  th e  l o a d i n g  i n  the fo r m
where is the loading rate*
7° 40
th e  s o l u t i o n  t o  7 *  39 i s
v
E I <  +  K  S l n 7.41
U n d e r th e  a c t i o n  o f  a s h e l l  b e n d in g  moment Mjj, th e  c ro s s  
beams w i l l  in c r e a s e  th e  t o r s i o n a l  r i g i d i t y  o f  th e  l o n g i t u d i n a l s  
s in c e  t w i s t i n g  o f  th e  l o n g i t u d i n a l s  w i l l  oause b e n d in g  o f  th e  
c r o s s  beams®
The a n g le  b e tw e e n  th e  ta n g e n ts  a t  th e  ends o f  a beam u n d e r 
a c o n s t a n t  moment M i s
The s t i f f n e s s  p e r  u n i t  l e n g t h  o f th e  c r o s s  beam a rra n g e m e n t 
i s  t h e r e f o r e
2EI
The t o t a l  s t i f f n e s s  o f  th e  a rra n g e m e n t i s  th e n
7o 43
a n d  th e  t w i s t  c a u s e d  b y  a t o r q u e  o f  th e  fo r m
M i i M S in  A x 7*44
m ay be w r i t t e n
M Sin A x 7o 43
CHAPTER 8
8*1 The Shell, Edge Beam System
If a system of loads is applied to a complete circular 
cylindrical shell which is simply supported at its ends, then the 
stress system which is set up is almost exactly given by the mem­
brane theory, as developed in Chapter 5* Therefore any segnent 
taken from the complete cylinder will be maintained in the membrane 
stress condition provided the forces and displacements along its 
boundaries are those given by the membrane equations. In practice 
it is found that it is not usually possible to produce the membrane 
boundary conditions and therefore the stresses in the shell will 
differ from the membrane values. The extent of this difference 
between the ideal membrane boundary conditions and the practical 
boundary conditions will set up a system of stresses given by the 
edge disturbance equation as developed in Chapter 6, which may be 
superimposed upon the membrane stress condition to give the com­
plete stress system of the practical shell.
For example, a single shell with no edge beams has, of 
necessity, a stress free longitudinal edge whilst the membrane 
equations require a direct stress and a shear stress both depen­
dent upon the loading# In this case, the edge disturbance con­
dition will have to provide stresses which are equal and opposite 
to the membrane stresses at the edge so that the complete stress
The General Solution
In the case of an edge beam connected to the she 13. it is 
necessary that the forces which act upon the beam, frcm dead 
weight, prestressing and shell reaction, shall produce exactly 
the same displacement at the line of connexion as those of the 
shell itself®
By specifying the longitudinal form of the functions as 
harmonics there remain only four out of six degrees of freedom, 
namely the three orthogonal displacements u, v and w  and the 
rotation Oy about the x axis® The rotations about the y 
and z axes are specified by the•longitudinal harmonics*
These four degrees of freedom at each edge give rise to 
four simultaneous linear equations for each shell edge which 
remain a singular set for each edge provided the effects from 
one edge do not influence the conditions at the other edge*
If the two edges do interfere then eight simultaneous linear 
equations have to be solved*
Each degree of freedom, displacement, will be associated 
with a force and therefore eight compatability equations exist 
from which the four simultaneous equations may be derived*
80 2 Signs
The scheme of axes used is as shown, in Figure 1*
The positive directions of forces, moments, displacements 
and rotations are those acting on the positive faces of an
system gives the required boundary conditions*
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Figure 1.
element. It may therefore he noted that
(a )  a p o s i t i v e  s h e a r  N Xy  Tends To p ro d u c e  c o m p r e s s io n
in the edge beam and results in positive displacement u,
(b) a positive bending moment My produces a positive 
, rotation Qy of the edge beam* If the shell is
connected to the beam above its centre of twist the 
beam tends to move away from the shell#
The membrane forces and displacements for the dead load 
condition were developed with the origin of the y axis at the 
crown of the shell. In order to obtain the membrane values with 
their correct signs as related to the edge scheme of axes,
Figure 1, it will be seen that signs of those influences containing 
sin^will have to be changed; The influences involved are NX y } 
v and dy .
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I n  th e  c a se  o f  th e  w in d  l o a d i n g  th e  a x e s  h a v e  been c h o se n  
a t  th e  edge and t h e r e f o r e  th e  s ig n s  w i l l  apply®
8® 3 Compatability Equations
At a shell edge where the radius of the shell is inclined 
at an angle cp to the vertical the following oompatability con­
ditions must apply
u (shell) = ■ u (beam) 8. 1'
v (shell) Coscp - w (shell) Sin cp = v (beam) 8.2
v (shell) Sincp + w (shell) Oos cp = w (beam) 8® 3
Qy (shell) = 0 (beam) 8,4
RX y (shell) = (beam) 8,5
N y Sin cp + Py Oos cp = Nr) 8. 6
N y Oos cp - Py Sin cp = Nj_l 8® 7
My  = 8 . 8
The use o f  t h e s e  e q u a tio n s  w i l l  be d e m o n s tr a te d  f o r  two 
p a r t i c u l a r  e x a m p le s .
80 4 Two Similar Shells
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Figure 2.
Sinoe the shells are similar the shear stress in the two 
will be in the same direction at the connection, and by symmetry 
must therefore be zero.
H  Xy  = 0 8. 9
Similarly, the vertical component of force must be zero
N y Sin cp + Cos <p = 0 8* 10
Since the shells are similar the line of connexion is not 
displaced laterally in either direction
- w Sin cp + v Cos cp = 0 8* 11
The shells are assumed rigidly connected and therefore the 
rotation at the connexion is zero
ey = 0  8 .1 2
8. 5 A Single Shell with Edge Beam
The flexibility factors for the edge beam vail be obtained 
from the analysis developed in Chapter 7 &nd will be written
ub = A Nr] + B NXT1 + C N ^  8# 13
vb = E) Njn, + E N + F M jj, 8014
wb -  G N^ + HN 8# 15
O b = I Mff + J %  8# 16
The expressions 8. 5 - 8 provide relations between the shell 
forces and beam forces so that the above equations may be written
u 5 = A  ( N y  Sincp + Py Cos cp ) + B N Xy
+ C (Ny Cos cp - Vy sin cp ) 8# 17
v'6* = D ( %  Cos cp - Py Sincp) + E.Nxy + F . My 8,18
wb = G. (Ny Sin cp + Py Cos cp) + H  » N Xy 8S19
6b = I#My + J * (Ny Cos cp - Sincp) 8.20
Here it is to be noted that the dead weight of the beam plus 
the effects of prestressing, if included, would have to be added 
into equations 8017, 8a18 and 8® 1 9®
The f o u r  c o m p a t a b i l i t y  e q u a t io n s  f o r  the s o l u t i o n  o f  th e  
s h e l l  w i l l  be o b t a i n e d  b y  c o m b in in g  e q u a t io n s  801 -  4  and
8o 17 - 20,
u ( s h e l l )  = A  0 (fry Sincp + P ^  a Cos cp) + b  .  RX y
+ C. (Ry Oos cp - Py S in c p )  8.21
v  ( s h e l l )  C o s c p - w ( s h e l l )  Sincp = D ( N L,0 o s c p -  p  S i n  9 )y y
+ E .  Ify.y  + P ,  M y  8u> 2.2
v  ( s h e l l )  S in c p +  w ( s h e l l )  Oos cp = G .(Ny Sincp + p^ Oos cp)
+ M .  N  x y  8e 2-3
dy ( s h e l l )  s= I „ M y  + J . (N y  Ooscp - P^ S i n  cp) 8 . 2 4
Prom equations 8.21 - 24 a set of four simultaneous linear 
equations are obtained in the unknowns a ? - a 4 .
The s o l u t i o n  f o r  th e s e  p r o v id e s  a l l  th e  i n f o r m a t i o n  f o r  
d e t e r m in in g  th e  s t r e s s  s y s te m  i n  th e  s h e l l Q
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PART I I  
D e s ig n
1CHAPTER 1 
Factors Affecting Design
The effect of the value of Poisson's ratio upon the coefficients 
in the roots of the edge disturbance equation may be seen in Table 1 
where o values from 0o03 to 0.50 have been taken* With a Poisson's 
ratio value of 0*15 was obtained in the experiments described in 
Part 3 of this work it may be seen that errors involved in equating 
it to zero will not exceed 2 per cent, but as the concrete stress 
approaches the crushing value and Poisson's ratio is of the order 
of 0.4, 10 per cent variations are likely to occur from this effect 
alone*
1.1 Poisson's Ratio
TABLE 1
Poisson's ratio Percentage increase in v
Percentage reduction 
in 6
0. 00 0. 0 0. 0
0. 05 0. 1 0*0
0.10 0*5 0* 2
0*15 1*1 0* 6
0. 20 2.;1 1*0
0® 25 3.3 1 * 6
0. 30 4.8 2.3
0.35 6*8 3.3
0* 40 9.1 4o 2
0o 45 12.0 5.5
0* 50 15.5 7.0
The e f f e c t  upon some s e l e c t e d  in f lu e n c e s  may be seen  from  
Table 2 , fro m  w hich i t  may be co n clu d ed  t h a t  th e  e f f e c t  o f e q u a tin g  
P o is s o n ’s r a t i o  to  ze ro  w i l l  be l i k e l y  to  in tr o d u c e  maximum e r r o r s  
i n  the s t r e s s e s  of th e  o rd e r  o f 3-5  Pe r  c e n t  w h ich  i s  o f a  c o n s id e r ­
a b ly  s m a lle r  o rd e r  th a n  th e  d e g re e  of a o cu rac y  to  which e i t h e r  th e  
lo a d in g  or th e  c o n c re te  c o n s is te n c y  can  be s p e c i f ie d ,
TABLE 2
P o is s o n 's  r a t i o
P e rc e n ta g e  re d u c t io n  of
M* My Nx t o to y
0. 00 0 0 .0 0 .0 0 .0 0. 0
0^  05 0 Oti 0*4 0o 2 0 .3
0 ,1 0 0 Oo 5 1 .5 1 ,0 10 2
0. 15 0 1.1 3 .3 2, 2 2 .8
0, 20 0 20 1 6; 0 4 .0 5 .0
0o 25 0 3o 2 9 .3 6. 2 7 .7
0  ^ 30 0 4> 6 13.2 9 .0 11. 2
0* 35 0 5o 3 1 7 .8 120 2 15 ti
0*40 0 80 3 23.1 1 60 0 19 .6
0o 45 0 10.7 28*8 20o 2 24.7
0o 50 0 13 .4 , 33ti 25.0 30. 2
1 ,2  P r e s t r e s s i n g
The edge beam of a  s h e l l  ro o f  a c t s  p r im a r i ly  a s  a  te n s io n  
member and th e r e f o r e  p ro v id e s  g r e a t  scope f o r  the  use of pro  s t r e s s in g .
However* i n  a  h ig h ly  red u n d an t s t r u c t u r e  such  as a  sh e ll-ed g e b e am  
co m b in a tio n  th e  d e te rm in a tio n  o f th e  r e q u ir e d  p r e s t r e s s  i s  d if f ic u l t®  
I t  i s  u s u a l ly  m ost c o n v en ie n t to  o b ta in  an  ap p ro x im a te  v a lu e  o f th e  
t o t a l  edge beam te n s io n  from  th e  membrane o o n d i t ip n  of th e  s h e l l  by  
i n t e g r a t i n g  e i t h e r  th e  edge s h e a r  o r  lo n g i tu d in a l  com pression . The
p r e s t r e s s  p ro v id e d  may th e n  be made e q u a l to  t h i s  v a lu e
P r e s t r e s s  f o r c e  = -
q>
( f e ) l  dy 
2
0
Which, g iv e s  i n  th e  case  of th e  dead w e ig h t
P r e s t r e s s  co m p ressiv e  f o r c e  = S in
S im ila r ly  th e  e c c e n t r i c i t y  o f th e  c a b le  w i l l  be made s u f f i c i e n t  
to  tak e  c a re  cf th e  dead  w e ig h t o f th e  beam and th e  com ponent of the  
t h r u s t  from  th e  s h e l l ,  com puted from  th e  membrane values*:
The e f f e c t s  of p r e s t r e s s i n g  edge beams w ere d e a l t  w i th  in  de-* 
t a i l  in  C h ap te r  7 o f  P a r t  1®
1 o 3 The Edge D is tu rb an ce  E q u a tio n
In  d ev e lo p in g  th e  edge, d is tu r b a n c e  e q u a t io n  6„ 26 e x p re s s io n s
w ere in c lu d e d  d e r iv e d  from  th e  te rm  x  in  the  e q u i l ib r iu m  e q u a t io nii
4® 28
The e f f e c t ,  on the  c o e f f i c i e n t s  i n  th e  a u x i l i a r y  e q u a t io n ,  o f  
in c lu d in g  th o se  term s i s  shown i n  T able  3 in  th e  case  o f th re e  
shapes of s h e l l ,  a l l  2-g- in .  th ic k .
TABLE 3
C o e f f i c i e n t  of 
th e  term
S h e ll  1 S h e l l  2 S h e l l  3
I = 100 I = 80 I = 40
R = 30 R = 40 R = 80
p e r  c e n t p e r  c e n t p e r  c e n t
m8 0 0 0
m6 28 10 Oi 6
m4 56 20 1.1
m2 56 20 1 .3
c o n s ta n t 0 0 0
A t f i r s t  s i g h t  i t  m ig h t ap p ea r t h a t  s e r io u s  e r r o r  would be 
in tro d u c e d  by th e  o m issio n  o f th e se  te rm s , p a r t i c u l a r l y  in  th e  
oase o f th e  ’ lo n g ' s h e l l ,  No#1 , b u t S o h o re r(5 ) h as shown t h a t  i n  
th e  case  o f lo n g  s h e l l s  th e  c o e f f i c i e n t s  o f m2 -  m6 have v e ry  
l i t t l e  e f f e c t  upon th e  s o lu tio n #  In  th e  case  i n  w hich t h i s  i s  
n o t t r u e ;  th e  ' s h o r t 8 s h e j l ,  No#3 , the  e f f e c t  of o m itt in g  th e  term s 
i s  un im portan t;, I t  i s  th e r e f o r e  re a so n a b le  to  use the  v e ry  much 
more s t r a ig h t f o r w a r d  e q u a t io n  6# 32 f o r  norm al d e s ig n .
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The v a lu e s  of th e  membrane in f lu e n c e s  a re  o b ta in e d  from  th e  
e x p re s s io n s  o f c h a p te r  5 o f P a r t  1 , and b e in g  s t a t i c a l l y  d e te rm in a te  
may be d e r iv e d  i n  n u m e ric a l form  by s u b s t i t u t i o n .  S im i la r ly ,  th e  
edge beam s t i f f n e s s  f a c t o r s  a re  e a s i l y  c a lc u la t e d  from  th e  e x p re s s io n s  
o f c h a p te r  7o The edge d is tu rb a n c e  in f l u e n c e s ,  how ever, d e r iv e  from
a  s t a t i c a l l y  in d e te rm in a te  sy stem  and th e r e f o r e  in v o lv e  a r b i t r a r y  
c o n s ta n ts  w h ich  have f i r s t  to  be e v a lu a te d .
The form  i n  w hich  th e  s o l u t i o n  h as  been w r i t t e n  down in  6. 3 
o f P a r t  1 i s  o n ly  one of s e v e r a l  p o s s ib le  a rran g em en ts . The
p a r t i c u l a r  fo rm  u sed  h as  been  ch o sen  w ith  th e  id e a  t h a t  f u tu r e  
t a b u la t i o n  may be c a r r i e d  o u t f o r  th e  c o e f f i c i e n t s  o f th e  a r b i t r a r y  
c o n s ta n ts  f o r  each  in f lu e n c e .  T his p a r t i c u l a r  form  has been
u sed  in  the  d e s ig n  exam ples of c h a p te r  3 b u t in  the c ase  of 
in d iv id u a l  c a l c u l a t i o n s  an a l t e r n a t i v e  method may g e n e r a l ly  be more 
c o n v e n ie n t.
2. 2 S im p lify in g  R e la t io n s
Some s i m p l i f i c a t i o n  o f th e  co m p u ta tio n  i s  p o s s ib le  s in c e  r e ­
l a t i o n s  e x i s t  betw een the  n u m e ric a l v a lu e s  of th e  c o e f f i c i e n t s  in  . 
Table 3 o f c h a p te r  6 , P a r t  1.
I t  may be no ted  th a t ;
M xu N xu
r = A
A = r
© = ¥
¥ = ©
The same r e l a t i o n s  fo l lo w  f o r  N^ and My, and Ny and v and 
Py o S im ila r ly  th e  fo llo w in g  o o e ff  i c i e n t s  Have th e  same
n u m e ric a l c o e f f i c i e n t s ;  N^ and u , Mx  and w and M^y and 0y#
F lit th e  r  ,« some common c o e f f i c i e n t s  may be d e riv e d  f o r  th e  
v a r io u s  ty p e s  o f i n f l u e n c e :
L (M) = 5 2
L (N) = 84
L (Q) = 6 3
L ( “> = ¥ €  W .  6 3
w hich co v e r t h e i r  r e s p e c t iv e  in f lu e n c e s  i f  m u l t ip l i e d  by v ,
/vT and 1.
2# 3 O a lo u la t io n
When n u m erica l v a lu e s  of th e  c o e f f i c i e n t s  o f th e  a r b i t r a r y  
c o n s ta n ts  a ? f o r  th e  in f lu e n c e s  have b een  o b ta in e d  i t  i s  u s u a l ly  
d e s i r a b le  to  a d ju s t  t h e i r  'o rd e r  to  b r in g  them in to  l i n e  w ith  the  
membrane values#  As m en tio n ed  in  c h a p te r  6 t h i s  i s  p e rm is s ib le  
s in c e  th e y  a re  l i n e a r  c o e f f i c i e n t s  of th e  a r b i t r a r y  c o n s ta n ts#
7th e  membrane te rm  to  t h a t  in v o lv in g  the c o n s ta n ts  a  * I t  w i l l
1 -4
be see n  th a t  s u b s t i t u t i n g  y  = 0 ( a t  th e  edge) y i e l d s  a  v e ry  much 
s im p l i f ie d  e x p re s s io n  f o r  th e  g e n e r a l  in f lu e n c e  F (6 .4 4 ) .
F = L ( r „ a ,  + A „a2 + © ^  +
The n u m e ric a l v a lu e s  of th e  c o n s ta n ts  a re  th e n  o b ta in e d  by s u b s t i ­
t u t i n g  th e  com plete e x p re s s io n s  f o r  th e  in f lu e n c e s  a t  th e  edge in to  
th e  e q u a tio n s  of the  ty p e  8® 21 “'24 o f P a r t  1 ? and s o lv in g  th e  r e ­
s u l t i n g  f o u r  l i n e a r  s im u lta n e o u s  e q u a tio n s .
The n u m e ric a l v a lu e s  o f  th e  d is tu rb a n c e  in f lu e n c e s  a re  th e n  
known a t  the  s h e l l  edge and th e  f a c t o r s  e Oos k 6 y  , e tc .  have
to  be in c lu d e d  i n  th e  e x p re s s io n  6® 44 f o r  o th e r  p o in t s  i n  th e  
s h e l l .  The t o t a l  v a lu e  of any in f lu e n c e  a t  any p o in t  i s  the  sum 
o f  th e  membrane and edge d is tu rb a n c e  v a lu e s .
2, 4  An A l te r n a t iv e  Me th o d
In  v iew  of th e  amount of a r i t h m e t i c a l  work in v o lv e d  i n  the  
d e te rm in a t io n  of the  e x p o n e n tia l-h a rm o n ic  f a c t o r s  and th e r e f o r e  of 
th e  co m ple te  n u m e ric a l v a lu e  of an in f lu e n c e  a t  any p o in t  i t  may 
be more d e s i r a b le  to  s e t  up a  ta b le  i n  te rm s of th e  c o e f f i c i e n t s  
of
e Oos lc 6 y , e S in  k 5 y ,  e Oos k f 6 y ,  e gj_n k f 5 y
in s te a d  o f th e  a*s. T h is  fo rm  le a d s  to  v e ry  l i t t l e  e x t r a  work in  
th e  d e te rm in a t io n  of th e  a 1 s and  has  th e  ad v an tag e  tr fa t the  com ple te  
n u m e ric a l v a lu e  of th e  in f lu e n c e  a t  any p o in t  y  i s  more e a s i l y  d e - 
term.ined's I t  i s  however n o t  so s u i t a b le  f o r  t a b u la t io n  o f th e  
c o e f f i c i e n t s  a s  w i l l  be seen  from  T ab le  10
The com plete e x p re ss io n  fo r  th e  in f lu e n c e  i s  th en  o b ta in ed  by adding
TABLE 1
F L e ^8y0os k 6y e~ ’i8 ySinlc5y e J'?6yCoskpy p  °'0 yS in lq 5 y
Mi -  V L(M) a  i a 2 a 3 a 4
My l (m) ( 1 +v)a, « a 2 a ,+ ( 1 + v)a2 . , ( l - v ) a 3 +a4 - [ a 3 + ( l - v ) a 4 ]
Miy / v  L(M) - a f j  + a 2k -*a 7lc -  a 2j to +a4k ? ” [ a 3k f +a4^ ]
% L(N) -  [ a ? +(1 + v )a 2 (1 + u )a ? - a  2 a 3+ (l-V ) a 4 - ( 1-  v)a3 +a 4
Hy ~ v L (N ) a2 “ a  7 a  4 " a 3
Nxy -Vv L(n ) a  7 j  + a^k - a ; j  + a2k a 3kr +l£LJ i - a 3 j r+  a4k ;
Qx - 'Y l ( q) 8.7 «=* *^2 a   ^ + a 2 ” a 3 + a 4 -  (a3 + a 4)
Qy -  L(Q) a , ( k  -  j )  
+az ( j  + k)
- a ?( j  + k)
+ a2 (k  -  j )
~ [ a 3 ( k f  - 4 ) 
+a 4 (4  + k f)j
a3 ( If + k fa
- a + k , "  J, )
u V v L (u ) “ [ a f + 0  + V) a2 ] (1 +V)®y"’ aZ a 3 + (l~  V) a 4 - ( 1- v)a3 +a4
V L(u) a ; [ j  + ( 1- v ) k ’
- a 2 [k -  ( 1- v)j*
a - . [ k - ( 1r v ) j]
+a2 U - .
+ (1 - v ) k ]
" a3 [+ /
+ (1 -  v )k ,]  
- a 4[~k;
+ (1 +v)j7 ]
a3 [ - k ,
+ (1 +v) j ( ]
~a 4 U ,
+ (1 + v ) k ?]
Y/ 1E l a  7 a 2 a 3 a 4
°y
5
E l -  a , j+ a2 k -  [ a fk+a2 j  ] - a3 ft +a 4k r - [ a 3 k ( +a4 j.,]
~ L(Q) a , [ k - ( l - v ) j  !
+8-2 | .j + (1 “ V) k.
- a f f j  
+ 0 - v ) k ]
+ a z [k 
-  (1 - v ) j ]
a 3 [”k 7
+ (1 + v) J 7 ]
“ a 4[to 
+ (1 +v)lcr ]
a 3 [ j,
+ (1 + v )k ,] 
+ a 4 [ - k ,
+ (1 + v ) j , ]
CHAPTER 3
D esign  Exam ples
3# 1 In t r o d u c t io n
In  t h i s  G h ap te r two exam ples a re  g iv e n  o f th e  c a lc u la t io n s  
in v o lv e d  in  th e  d e s ig n  o f a s h e l l  s t r u c t u r e .  The f i r s t  example 
has been  g iv e n  i n  d e t a i l ,  each  s te p  i n  th e  c a lc u la t io n  b e in g  in ­
c lu d ed  and g rap h s  o f th e  in f lu e n c e  d i s t r i b u t i o n s  b e in g  p lo t t e d .  
In  norm al work i t  w ould n o t  be n e c e s s a ry  to  go in to  su ch  d e t a i l  
and i n  many c a se s  i t  would be s u f f i c i e n t  to  p ro ceed  o n ly  a s  f a r  
a s  h a s  b een  done in  th e  seco n d  exam ple. F re q u e n tly  th e  s t r e s s e s  
away from  th e  s h e l l  edges a re  o f l i t t l e  im portance  and  th e  some­
w hat le n g th y  p ro ced u re  o f c a lc u la t in g  th e  edge d is tu rb a n c e  
e f f e c t s  w i th in  th e  s h e l l  may be o m itte d .
3- 2 Example 1
The f i r s t  example i s  t h a t  of a  sy m m e tric a l r e in f o r c e d  con­
c r e te  s h e l l  fo rm in g  a  c e n t r a l  bay  of a  m u lt ib a y  s t r u c tu r e  
(F ig u re  1 ).
In  o rd e r  to  keep  th e  c a l c u l a t i o n s  sim ple th e  s h e l l  i s  
assum ed to  be homogeneous and th e  p a r t i c u l a r  one f o r  w hich the 
c a lc u la t io n s  a p p ly  i s  assumed to  be s u f f i c i e n t l y  f a r  from  th e  
end bays f o r  th e  a s y m e tr ic a l  e f f e c t  to  be n e g le c te d . • The 
lo a d in g  tak en  w i l l  be 40 lb  p e r  s q . f t .  u n ifo rm ly  d i s t r i b u t e d  
w hich  in c lu d e s  b o th  dead  w e ig h t and  l i v e  lo ad . O nly th e  f i r s t  
harm onic  of th e  F o u r ie r  s e r i e s  w i l l  be c o n s id e re d . In c lu s io n  
o f a  la r g e  number o f  te rm s shows t h a t  th e  f i r s t  te rm  o v e r­
e s t im a te s  th e  maxima by ab o u t 15 p e r  cen to
Fi
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L eng th
R adius of C u rv a tu re  
T h ick n ess
A ngle su b ten d e d  a t  th e  c e n tr e  
Edge beam depth  
Edge beam w id th  
Young’s M odulhs
(a.) S h e ll  Data
i  Dimensions
22 f t  6 in .  = R
100 f t  0 in 0 = i'
2-J in , = t
84° = 2<p
4  f t  0 in , = 2rj = x  
0 f t  9 in .
288 x IO6 l b / s q . f t .  = E
i i  S t i f f n e s s
Et
E l
EA
El,
6 .0  . 107
2 .1 7  . 10s
8 .6 4  « 10s
1 .1 5 2 .  10®
( a  -
(b) S h e l l  Shape C o n s ta n ts
The f i r s t  shape  c o n s ta n t  r e q u i r e d  i s  X b e in g  g iv e n  by 
1) X = ^  _ 0 .031416  f t " ?
N ext r e q u ir e d  a re  th e  n u m erio a l v a lu e s  of v and 6 o b ta in e d  
from  e x p re s s io n s  6. 31 a nd 6C 29 '
v = fixI
and
6 = /
nx j- j4. 
R t
Oo 031682
0.1381 92
Prom the  v a lu e  o f v th e  r o o t  f a c to r s  j ,  k ,  f t  and  k ? o f th e  
c o m p a ta b i l i ty  e q u a t io n  may be o b ta in e d  d i r e o t l y ,  see  6 .34 .
3
v 1 '+ '(1+v)2 + (lrTv")
2 1.11867
k / Vi + ( u  y)*- (1 + v) o. 44696
3 1 /
Vj + ( j -  v f  (1-V)
2 0 .46359
+ (1- v)2 + (1-v)
2 1.07854
(c ) In f lu e n c e  C o e f f ic ie n t s
The e x p re s s io n s  r e p r e s e n t in g  th e  f o r c e s ,  moments and d is p la c e ­
m ents o f  th e  s h e l l  a r e  b u i l t  up from  d e r iv a t iv e s  o f  th e  s o lu t io n  of 
th e  e ig h th  o rd e r  d i f f e r e n t i a l  e q u a tio n  f o r  w„ Table 3 o f  C h ap te r 
6 gave th e  e x p re s s io n s  f o r  th e  in f lu e n c e  c o e f f i c i e n t s  and t h i s  i s  
r e p e a te d  i n  T able  01 to g e th e r  w ith  th e  n u m e ric a l values®
I t  i s  to  be n o te d  th a t  th e  v a lu e  o f L i n  T able  01 h as  been  
d iv id e d  by  E l i n  e a c h  case® T his i s  p e rm is s ib le  s in c e  th e  
v a lu e s  of th e  c o e f f i c i e n t s  i n  th e  ta b le  a re  a l l  r e l a t i v e  and  a r e  
to  be m u l t ip l i e d  by  a  s e t  o f a r b i t r a r y  c o n s ta n ts  a^  ^ , A
f u r t h e r  a d ju s tm e n t w i l l  be  made l a t e r  so  t h a t  th e  o rd e r  o f th o se  
c o e f f i c i e n t s  may be b ro u g h t i n t o  l i n e  w ith  th e  membrane ones and 
hence s im p l i f y  th e  a r i th m e t ic  when s o lv in g  the  c o m p a ta b i l i ty  
e q u a tio n s .
TABLE 01
F L r A © ¥
M*
v 5 2s in X x  
9o 8697*1 x 10 sinX x
-1
-1 ,0 0 0 0 0
0 -1
-1 .0 0 0 0 0
0
My
S2 s i n  Xx 
1. 90970 x 10"2 sinX x
1 + V 
1 .05168
-1
-1 .0 0 0 0 0
-(1  -  v) 
-0 .  94832
-1
-1 .0 0 0 0 0
M xy
7 v 62cosXx 
4. 34145 x 10 3 cosXx
- j
-1 .1 1 8 6 7
k
0.44696
- j r
-0 .4 6 3 5 9
kf
1 .07854
Nx
64 sinXx 
3. 17545 x 10~? s inXx
-1
-1 .0 0 0 0 0
-(1 + v )
-1 .0 5 1 6 8
1
1. 00000
-(1  -  v) 
-0 . 94832
.2R 64 s in X x  
1 .64114  x 10 4sinX x
0 1
1,00000
0 -1
-1 .0 0 0 0 0
Nxy
2R 4 
^y-5 cos X X
7. 21896 x 10 2cosXx
- k
-o . 44696
“J
-1 .1 1 8 6 7
• k f
1.07854 0 .46359
Qx ■ v 6 3 00s jXx 5. 99956 x  10 4cosXx
-1
-1 .0 0 0 0 0
1
1. 00000
1
1.00000
1
1 .00000
Q y
6 3 s in X x  
2#63906 x  10 3sinXx
j  -  k
0 .6 7 1 7 1
“ ( j  + k) 
-1 .5 6 5 6 3
- ( j  ft ■]%)
-1 .5 4 2 1 3
k ;~  31 
0. 61495
u
2R 6 3 1 -rr ,T1=- COS X X E t  v7 v
10 68462 x 10 7cosXx
1
1.00000
(1 + v) 
1 .05168
-1
-1 , 00000
(1 -  v ) 
0. 94832
V
2R 6 f
E £, V2 sqn  X x 
'7# 41023 x 10 7sinX x
j+ k (1 -v )
1 .54253
j(1 ~  v )-k  
0 .61390
— 3f +k  ^(1+v)
0 .6 70 6 9
j ,  (1 + v ) tk ,  
1 .56609
w
1 . -s m  Xx
4 .6 0 8 0 0 .x  1O~0s in 7 x
1
1 .00000
0 1
1i 00000
0
Qy
E l s m  Xx 
6# 36789 x 10~7sinX x
^ j
1 ,11867
• k
j 0.44696
-  j  f 
-0 .4 6 3 5 9 1.07854
?y 5 3 s in X x  2o 63906 x id) 3sinX x
j ( 1 - v ) - k  
0. 61390
- [ j+ k ( 1 - v )  
“ 1 i 54253
-  [ j?(1 +v)+lq
- 1,56 609
“ j  7 +^(1+v)
0 . 67069
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th e  c o n s ta n ts  a  a re  of d im en sio n  le n g th  w h ile  6 has th e  
7 -  4
dim ensions ( le n g th )  1 and v i s  d im ensionless®
The e s s e n t i a l s  o f T able  01 a re  c o l l e c te d  in  T ab le  02.
TABLE 02
I t  w i l l  be seen  th a t  Table C1 i s  d im en sio n a lly  c o r re c t  s in c e
F
Trig® 
P a r t  
o f  L
O rder 
o f L
i> x r L x A L x © L x W A d ju s tedo rd e r
Mx s i n  A x 10“ 4 -9® 86971 - - 9 o86971 - 1
My s i n  A x ■\o~2 2. 00839 -1® 90970 -1,81101 -1® 90970 102
Mxy cos Ax 10“ 3 -4 , 85665 1®94045 -2 .01265 4.68243 10
Nx s i n  A x 10“ 1 -3® 17545 -3®33956 3® 17545 -3® 0(1134 103
h / s i n  Ax 10" 2 - 1® 64114 -1 . 64114 102
Nxy oos A x 10“ 2 -3® 22659 -8 . 07563 7® 78594 3® 34664 102
Qx cos A x 10" 4 -5® 99956 5. 99956 5; 99956 5® 99956 1
Qy s i n  A x 10" 3 1. 77268 -4 .13179 -4® 06977 1.62289 10
u cos A x 10“ 7 1® 68462 1® 77168 -1 ; 68462 1* 59756 10" 3
V s i n  A x 10“ 7 11 * 43050 4® 54914 4® 96997 11® 60509 10” 3
w s i n  Ax 10“ e 4. 60800 - 4® 60800 - 10“ 2
e </ s i n  A x 10~7 -7® 12357 2o 8461 9 -2® 95209 60 86802 10"3
s i n  A x 1 0 '3 1,62012 -4 . 07083 -4®13301 1® 76999 10
i
(d) Membrane In f lu e n c e s
I t  i s  now n e c e s s a ry  to  o b ta in  th e  a r i th m e t i c a l  v a lu e s  f o r  th e
membrane in f lu e n c e s ,-  g iven  by  5®42, and to  e v a lu a te  them a t  th e  
edge o f th e  shell®  W ith th e  s u p e r f i c i a l  lo a d in g  v a lu e  o f
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40 lb . p e r  s q . f t .  and th e  J  v a lu e  o f 4 2 °  a t  th e  edge th e  in f lu e n c e shi
a r e  g iv e n  i n  Table D1.
TABLE D1
P E x p re s s io n Numerical Value o f C o e ff ic ie n t
Circum­
f e r e n t ia l
T rig ;
V alue
' F a c to r Order
L ongi­
tu d in a l
Harmonic
Nx
8q
n 'K \ 2 R
. co s §  s i n  A x K
-4 .5 8 6 8 9  x 1 0 3 0. 743145 -3 . 40872 1 0 3 s i n  A x
„ ERq 
n%
y '. oos — s in  A x R
-1 .1 4 5 9 2  x 1 0 3 0.743145 -8 .5 1 5 8 5 102 s in  A x
Ecy
-  ^  n*xA<
. s i n  J  gos A x K
_ 3® 24228 x  103 0.669131 -2 .16951 103 oos A x
u
8q
E tn  a A3R
y.c o s  — cos a  x hi
“ [2 + A^ R2 ]
2.43341 x 10"3 0.743145 1 .8 0 8  38 10~3 cos A x
V r 8q 9E t n % \ 2
. s i n  £  s in  A x K
-6 .8 8 2 7 3  x 10“ 3 0.669131 -4 . 60545 io ~ 3 s in A x
w
rR2 2 1 i 
2 +A2+A4 R 2 j 
8q
* EfcnA
y  . •*, cos — s m  Ax R
-7 . 31236 x 10"3 0. 743145 -5 .4 3 4 1 4 10“ 3 s i n  Ax
Qy
4qR
E tn  A
. s i n  J  s i n  Ax R
-1 . 90986 x 10“5 0.6 6 9 131 -1 . 27795 10“5 S in  A x
I t  i s  to  be n o te d  t h a t  th e  edge 'schem e o f o o + o rd in a te s  i s  a  
t r a n s f o r m a t io n  from  th e  membrane ax es  so t h a t  any  te rm  in c lu d in g
y
s in  — w i l l  change i t s  s i g n ,  i .  e* NXy , v and Qy.
The o rd e r  o f th e  c o rre sp o n d in g  membrane and  edge d is tu rb a n c e  
in f lu e n c e s  i s  com pared in  T able D2 fro m  w hich i t  i s  see n  th a t  a  
c o n v e n ie n t a d ju s tm e n t o f  th e  edge d is tu rb a n c e  in f lu e n c e s  w i l l  be 
b ro u g h t a b o u t by m u l t ip ly in g  th e s e  l a t t e r  by 1 0 40 T h is  has been  
in c lu d e d  i n  T able  G2S
TABLE D2
F
O rd er o f 
Membrane 
In f lu e n c e
O rder of
In f lu e n c e
C o e f f ic ie n t
R a tio  o f 
O rders
t o 10* 10" 1 1 0 4
N y 1 0 2 io~2 1 0 4
Nxy 1 0 3 1 ( f 2 105
u 10“ 3 10~7 104
V 10-3 1 0 "7 io 4
w 1 0 "3 IQ"® 103
(e ) Gomple te  In f lu e n c e  Expre ss  io n s
I t  i s  now p o s s ib le  to  draw up a  t a b le  o f th e  co m p le te  in ­
f lu e n c e  c o e f f i c i e n t s  in c lu d in g  th e  c o n s ta n t  te rm  from  th e  membrane 
effect®  These a re  o b ta in e d  by  com bining T ab les 02 and D1 and 
th o se  r e q u i r e d  i n  th e  o o m p a ta b i l i ty  e q u a tio n s  a re  shown in .T a b le  E1.
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TABLE El
F
Longi­
tu d in a l
Harmonic
O rder
Co­
e f f i c i e n t  
o f a r
Co­
e f f i c i e n t
o f
Co­
e f f i c i e n t  
o f  a 3
Co­
e f f i c i e n t
o f
C o n s ta n t
Term
My s i n  X x 102 20 00839 -1# 90970 -1.81101 -1 . 90970 -
Ny s i n  X x 102 - 1.64114 - -1 .64114 -8 .51585
Nxy cos X x 1 0 2 -3* 22659 -8 .07563 7.78594 3o 34664 - a  69510 >
py s in X  x 10 1.62012 -4 .07083 -4.1.3301 A 76999 -
U GOS X X io ” 3 1.68462 1.77168 - 1 .68462 1. 59756 1.80838
V s in  X x 10 ~ 3 11.43050 4c 54914 4. 96997 11 .60509 -4 . 60545
W s in  Xx 10"  2 4. 60800 - 4c 60800 V* - 0 . 543414
ey s in  Xx 10“ 3 -7* 12357 2# 84619 -2 , 952Q9 6. 86802 - 0. 012780
The r e s o lv e d  p a r t s  o f th e s e  in f lu e n c e s  in  th e  beam soheme of 
ax es  a r e  g iv e n  in  T able E2 w here th e  edge beam dead w e ig h t has been  
in c lu d e d  in  th e  c o n s ta n t  term .
( f ) Edge Beam F l e x i b i l i t y  F a c to r s
The f l e x i b i l i t y  v a lu e s  f o r  th e  edge beam u n der norm al and  s h e a r  
lo a d s  a re  g iv en  by e x p re s s io n s  7° 4 , 7=6, 7 .1 3  a n d 7° 15* The a r i t h m e t i ­
c a l  v a lu e s  b e in g  in c lu d e d  in  T able  F l .  I t  i s  to  be n o te d  th a t  s in c e  
e ac h  edge beam l i e s  a t  th e  ju n c t io n  o f two s h e l l s  i t s  f l e x i b i l i t y  
c o n t r ib u t io n  to  e a c h  s h e l l  w i l l  be doubled#
The d e f le x io n s  w hich  th e  edge beam s u f f e r s  undep th e  a c t i o n  of 
th e  s h e l l  f o r c e s  Nt] and  NXy a re  g iv e n  i n  T able F2-.
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TABLE E2
Component ! Up on beam wp Up on beam Yn In to  s h e l l
E x p re s s io n NySin cp +PyCOscp 
-  (d ead  w e ig h t)
v s i n  (p +w cos <p v oos 9  -  w s i n  9
L o n g i tu d in a l
Harmonic s i n  A x
s i n  Ax s in X  x
O rder 10 10“ 3 10-3
C o e f f ic ie n t  
o f a .i
1,20398 41.89262 - -  22. 33904
C o e f f ic ie n t  
of a 2 7^  95616 3,04397 3. 38067
C o e f f ic ie n t  
o f a 3 -3 ,07143 3 4  56988 -27.14015
C o e f f ic ie n t  
o f a 4 -9 . 66602 1. 76533 8* 62426
C o n s ta n t
Term -84.4841 9 -0 . 95670 7. 05867
TABLE F.1
F E x p re ss io n F a c to r O rder F o rce
L o n g i tu d in a l
Harm onic
t o x4e i  s i n X x - 1 . 78226 • 10~3 Vp
s i n  A x
to
VOC
2A3E I GO 1 .11982 10~4 Vp cos Ax
to
• NX
2A3EI Sin/lX -1 .1 1 9 8 2 10" 4 Np^ s in  Ax
to
N r 4 %2 i ^ 
4A2E f A ,+ I Jg o sA x 9,38161 10“ ® Npx cos A x
TABLE F2
Component wp Up on beam u5
E x p re ss io n 1. 78226 x 10" 3 NTj -1 .1 1 9 8 2  x 10"*4 Rxy
9.38161 x  1 0 < N Xy 
-1 . 11982 x 10
L o n g itu d in a l
Harmonic
s i n  A x oos A x
O rder 10“ 2 io~3
C o e f f ic ie n t  
o f a  ? 5.75901 -4 .3 7 5 3 0
C o e f f ic ie n t  
o f a  2 23® 22320 -16 . 48571
C o e f f ic ie n t  
o f  a 3 -1 4 ,1 9 2 9 4 10,74392
C o e f f ic ie n t  
o f a 4 “ 20o 97499 13- 96389
’C o n s ta n t
Term -126 . 27818 74® 25359
(g) C o m p a ta b il i ty  E q u a tio n s
The c o m p a ta b i l i ty  e q u a tio n s  can  now be s e t  up to  d e te rm in e  
th e  f o u r  c o e f f i c i e n t s  a ? , a 3 and  a 4 and we have to  s e l e c t  
f o u r  c o n d i t io n s  betw een  th e  edge beam and th e  s h e l l  edge to  do so
(1) S in ce  th e  s h e l l  u n d e r c o n s id e r a t io n  i s  one of s e v e r a l  
co n n ec te d  to g e th e r  c o n s id e r a t io n s  o f sym m etry t e l l  us 
t h a t  th e r e  can  be no a n g u la r  r o t a t i o n  a t  th e  s h e l l  
edge. T his c o n d i t io n  i s  e x p re s s e d  by e q u a tio n  G01,
(2) A gain  fro m  symmetry i t  i s  seen  th a t  th e  t o t a l  l a t e r a l  
d isp la c e m e n t o f th e  edge beam i s  zero . T h is  has been
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a r r i v e d  a t  by c a l c u l a t i n g  th e  s h e l l  d isp la ce m e n t l a t e r a l l y  
a s  b e in g  made up o f th e  l a t e r a l  com ponents o f th e  no rm al 
and t a n g e n t i a l  d isp la c e m e n ts . T h is  c o n d i t io n  i s  e x p re s s e d  
by  e q u a tio n  G„ 2,
(3) The t h i r d  c o n d i t io n  o f c o m p a ta b i l i ty  a r i s e s  from  th e  f a c t
t h a t  th e  lo n g i tu d in a l  d isp la c e m e n ts  of th e  s h e l l  edge and 
edge beam a re  th e  same a t  a l l  co rre sp o n d in g  p o in t s  a lo n g  
th e  e d g e , and i s  g iv en  by  e q u a tio n  G. 3® The e x p re s s io n  
f o r  th e  edge beam d isp la c e m e n t i s  made up of c o n t r ib u t io n s
from  d i r e c t  s t r a i n  and b en d in g  o f th e  beam.
(4 ) The f o u r th  c o n d i t io n  needed  i s  t h a t  th e  v e r t i c a l  d is p la c e ­
m ents o f th e  s h e l l  edge and edge beam m ust be th e  same a t  
a l l  c o rre sp o n d in g  p o in ts .  The e x p re s s io n  f o r  th e  v e r t i ­
c a l  d isp la c e m e n t of th e  edge beam in c lu d e s  a c o n t r ib u t io n  
due to  b en d in g  by  to p  s u r fa c e  s h e a r ,  w h i l s t  th e  s h e l l  edge 
v e r t i c a l  d isp la c e m e n t e x p re s s io n  i s  made up o f th e  com­
p o n en ts  of no rm al and t a n g e n t i a l  d isp la c e m e n ts . This
c o m p a ta b i l i ty  c o n d i t io n  i s  e x p re s s e d  by e q u a tio n  G. 4°
0 = 0 G. 15
= 0 . . . .  G. 2
% = u£ . . . .  Go 3
ws = w^ .... Go 4
T h e re fo re ,  s u b s t i t u t i n g  from  T a b le s  (E1 ) ,  (E2) and  (F2) we
o b ta in
10_3s in A x f-  7.12357a, + 2 .84619a2 -  2. 95209a3 + 6 . 86802a4 -  0 .01278]=  Q
10- 3 s in A x [-2 2 . 33904a, + 3. 38067a2 -2 7 .1 4 0 1 5a3 + 8. 62426a4 + 7 .05867]=  0
1 0 “ 3 c o s A x  [ 1 .6 8 4 6 2 a , + 1 .7 7 l6 8 a 2 -  1 .6 8 4 6 2 a 3 + 1 .5 9 7 5 6 a 4 + 1 .80838]
= 1 0 'o o s ta [ -  4 .3 7 5 3 0 a , ~ l6 .4 8 5 7 1 a 2 +10. 74392a3 +13.96389a4 +74.25359]
10‘ 3s in X x [ 4 1 .8 9 2 6 2 a , + 3. 04397a2 +37. 56968a3 + 7. 76533a4 -  0. 95670 ]
=10"linA x [ 5 .7 5 9 0 1 a , +23. 22320a2 -14 . 1 9294a3 -  20. 97499 a4 -126.27818]
w hich may "be- w r i t t e n  as
a ; -  0. 39955a2 + 0o 41441 a  3 - 0o 96413a 4 + 0® 0 0 179 = 0 . . 00  Go 5
a f -  0 * 1 5 l3 3 a 2 + 1®21492a3 - 0® 38606a4 - 0® 31598 = 0 *.0® G® 6
a 7 + 3* 01281 a  2 - 2® 05094a 3 - 2®0 4 0 6 8 a4 - 11. 95481 = 0 ® ...  Go 7
a 7 + 14® 60029a2 - 1 1 .43488a3 - 13® 85668a4 - 80® 38382  =  0 . 0 .. G® 8
S o lv in g  th e  l i n e a r  s im u lta n e o u s  e q u a tio n s  G5-8 g iv e s  th e  
fo l lo w in g  a r i t h m e t i c a l  v a lu e s  f o r  th e  a ’ s.
a  7 = -2*80929
a  2 = 3o 71075
a  3 = 1*87701
a 4 = -3® 64295
To check  t h a t  th e  v a lu e s  o f th e  c o n s ta n ts  a7-  a 4 have been  
o b ta in e d  to  a  re a s o n a b le  d eg ree  o f a c c u ra c y  th e y  w i l l  be r e s u b s t i ­
t u t e d  in to  e q u a tio n  G„ 8
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a ,  + 14.60029a2 -  11.43488a3 -  1 3 . 85668a4 -  80.38382  
= -  2 ,80929  + 14. 60029 x 3. 71075 -  11 .43488 x 1, 87701
+ 1 3 . 8 5 6 6 8  x 3* 64295  -  80. 38382
= -  2 .80929  + 54.17803 -  21*46338 + 50 .47919 -  80.38382
= 104.65722 -  104; 65649
0 .0 0 0 7 3
T his r e p r e s e n ts  a  h ig h  d eg ree  o f  accuracy*
As a  f u r t h e r  c h e c k , T ab le  (F2) g iv e s  th e  maximum v e r t i c a l  
d e f le x io n  o f th e  edge beam a s
WTl = 10“ 2[ 5; 75901 (-2*80929) + 23 ,22320  x 3^71075 -  14 ,19294  x 1.87701
-  20. 97499 (-3b 64295) -  126.27818 ]
= 10" 2[ -  16*17873 + 86 .17549  -  26. 64029 + 76; 41084
-  126* 27818 ]
-  10~2 x 6 .51087
, \  ^  = -  0*0651087 f t  
=. -  0, 781 in .
, * * Maximum c e n t r a l  d e f l e x io n 'o f  th e  edge beam on a  100 f t  span 
= 0 .781 in , downwards.
(h) F o r c e ; Moment and D isp lacem en t E x p re s s io n s  
Having s o lv e d  th e  c o m p a ta b i l i ty  e q u a tio n s  i t  i s  now p o s s ib le  to  
c a l c u l a t e  th e  v a lu e s  o f th e  f o r c e s ;  moments and d isp la c e m e n ts  in  th e  
s h e l l  w hich a re  g iv e n  by  th e  g e n e r a l  e x p re s s io n  (6*44)
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F = L [ e j r  '(a / G0S k6y + a2
+ A (a^cos k5y - a? sin k0y) J
+ © (a ,c o s  k 5 y  + a„ s in  k .6 y ) ^ 3 J 4 1
+ ¥  (a^oos k ;0y -  a3 s in  k j6 y ) j  ]
F o r  conven ience  th e  v a lu e s  o f F w i l l  be o b ta in e d  a t  15 inter­
m edia te  p o in t s  in  the  s h e l l  betw een th e  two edge beam s, i;e* since
th e  whole s h e l l  su b te n d s  84° a t  th e  c e n t r e  o f c u rv a tu re  th e  v a lu e s  
o f F w i l l  be c a l c u l a t e d  a t  a n g u la r  i n t e r v a l s  of 8 4 /16  = 5° -  15*
w hioh c o rre sp o n d s  t o  in c re m e n ts  in  y  o f
g | - 5 _x_84j£ _ 2.06167 f t
16 x 180
T h e re fo re ,
6y  = 0„ 138192 x 2.06167
A  6y = 0.284906
T h e re fo re ,
j6 y  = 0 .284906  x 1 .11867  = 0 .318716
j  5y = 0. 284906 x 0 .46359  = 0.1 52080
k6y = 0 .2 8 4 9 0 6 ’ x 0; 44696 = 0 .127342
k 6 y  = 0. 284906 x 1 .07854 = 0 .307283
A lso
o-j6 y  _ e-0, 318716 = Q. - 7 2 7 0 5 7  •
c ■ j,ey= e- 0 i1 32080 = 0>876269
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a f s in  k 6 y ) , e ( a 3 oos k ?6 y  + a 4 s i n  k ?6 y ) and e (a  cos
The v a lu e s  of ( a ? cos kSy + a^ s in  k d y ) , e (a 2 cos k<5y
kt6 y  -  a 3 s in  lq S y ) , f o r  th e  in te rm e d ia te  p o in ts  c o n s id e re d , a re  
g iv en  in  T ab le  (H1).
have b een  d e r iv e d , f o r  any  g iv e n  edge d is ta n c e ^  by  ad d in g  th e  v a lu e  
o f th e  same e x p re s s io n  a t  th e  same d is ta n c e  from  th e  o th e r  edge.
The re a so n  f o r  t h i s  i s  t h a t  th e  v a lu e s  o f the  f o r c e s ,  moments and 
d isp la c e m e n ts  i n  th e  s h e l l  in c lu d e  th e  e f f e c t  from  b o th  e d g e s , i . e .
s m a l le r  e f f e c t  a t  th r e e  q u a r te r  d is ta n c e  from  th e  o th e r  edge.
N ote t h a t  th e  t a b le  h as  o n ly  been  g iv e n  f o r  one h a l f  o f th e  s h e l l  
a s  i t  i s  sy m m etrica l ab o u t th e  c e n t r e  l in e .
I n  th e  c ase  o f  a  few  o f th e  e x p r e s s io n s ,  nam ely N^y, Qy, v , 
0 and P , th e  v a lu e  o f e ac h  o f th e s e  e x p re s s io n s  i s  z e ro  a t  th e  
c e n tr e  l i n e  o f th e  s h e l l  from  sym m etry c o n s id e r a t io n s .  Thus th e  
e f f e c t  from  th e  o th e r  edge i s  n e g a tiv e  and  a  f u r t h e r  t a b l e  i s
The s i g n i f i c a n t  r e s u l t s  from  T able  (H1) a r e  c o l l e c t e d  in  T ab le  
(H2)0 I n  t h i s  T able th e  f i n a l  v a lu e s  o f  th e  f o u r  e x p re s s io n s
a t  a  q u a r te r  d is ta n c e  fro m  one edge th e r e  i s  a l s o  an  a d d i t iv e
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TABLE H1
Edge
D is ta n c e
-  7 e u J ( a ? cos
lt6y + a ^ s in
k6y )
e j6 y (agGos 
kdy -  a ? s i n  
k 6 y )
e ^ 0 ^(va3cos 
k ;6 y  + a s in  
k ,6 y )
e ^ ,0 y (a 4 cos 
k  5 y  -  a  s in
V > y >
0 - 20 80929 3o 71075 10 87701 -3® 64295
1 -1 .6 8 3 3 3 2. 93548 0 . 60218 -3« 54017
2 -0 . "94292 2o 27239 -Oo 43533 -  3 .1 1 646
3 -0 .4 7 0 1 9 1.72585 - 1* 18961 - 2.48754
4 -0.179,72 1 . 28805 -1 . 65290 - 1 ,7 6 2 3 6
5 - 0 . 01069 0 . 94549 -1 ,8 4 7 6 4 -1 .0 3 3 8 7
6 0 . 07960 0 . 68285 -1 . 81719 -0 .3 7 3 7 8
7 0.12045 0 .4 8509 -1 . 61685 0 . 1 6945
8 0. 1 3166 0. 33871 -1 .3 0 5 5 4 0; 57006
9 o. 12623 0. 2321 2 -Oo 93933 0. 82216
10 0 , 1 1 245 0 .1 5 5 7 2 - 0.56665 0, 93565
11 0, 09549 Oo 10194 -Oo 22528 Oo 93165
12 Oo 07828 Oo 06470 0* 05878 0 .8 3 7 8 4
13 Oo 06241 0. 03942 0. 27116 Oo 68420
14 0. 04864 Oo02266 0 .40782 Oo 4980°
15 Oo 03720 Oo 01186 0 .47305  ’ 0, 30918
16 Oo 02793 Oo 00512 0 .47705 Oo13286 .
TABLE H2
Edge
D is ta n c e
e ^d y (a7 cos 
kSy + a 2s in  
lc 6 y )
e  ^ y (a2 oos 
kSy -  a fs i n  
kOy)
e '4 8 y (a3cos 
Qy  + a4 s in  
k f 6y)
e °?d y (a4cos 
lq 6y  -  a3 s in  
k? 6 y )
0 -2 . 78136 3* 71587 2. 35406 -3*51009
1 -1 o64613 2. 94734 1.07523 -3 , 23099
2 r 0o 89428 2, 29505 -0 .02751 -2 . 61844
3 - 0. 4 0778 1 .76527 -0 . 91845 -1 .8 0 3 3 4
4 - 0.10144 1 ,35275 -1 .5 9 4 1 2 -o . 92452
5 0* 08480 1,0474-3 -2* 07292 -0 .1 0 2 2 2
6 Oo19205 0. 83857 -2 . 38384 Oo 56187
7 0* 24668 0.71721 -2 .5 5 6 1 8 0, 99161
8 Oo 26332 0 . 67742 .. -2 . 61108 1. 14012
TABLE H3
Edge
D is ta n c e
e"'j6 y (a , cos 
k5y + a ^ s in  
k 6 y )  T
e ^d y (a2 cos 
k6y -  a f s in  
k 6 y )
e f t dy( a 3cos 
k«6y + a4s i n  
^  Oy)
e d y (a4cos 
kj 5y -  a ^ s in  
k?6 y )
0 -2 . 83722 3, 70563 1.39996 ~3« 77581
1 -1 . 72053 2. 92368 0.12913 -3« 84935
2 - 0. 99156 2.24973 -0 . 84315 -3 . 61448
3 -0.53260 10 68643 -1.46077 -3.17174-
4 -0 . 25800 1. 22335 -1 . 71168 -2 . 60020
5 -0 .10618 0.84355 -1.62236 - 1 096552
6 - 0.03285 0.5271,3 -1 ,25054 -1 .3 0 9 4 3
7 -0 .00578 0.25297 - 0.67752 - 0.65271
8 - -
■nil I III
-
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r e q u i r e d  c o l l e c te d  fro m  T ab le  (H1) in  w hich th e  v a lu e s  a re  o b ta in e d  
by  s u b t r a c t in g  th e  e f f e c t  from  th e  o th e r  edge a t  th e  p o in t  considered#  
The r e s u l t s  a re  g iv e n  i n  T ab le  (H3).
( i )  The In f lu e n c e  V alues
The v a lu e s  of th e  in f lu e n c e s  a t  e ach  p o in t  have been  c a lc u la te d  
and  th e  form  o f d i s t r i b u t i o n  p lo t t e d ;  These g iv e  a  com ple te  p io tu r e  
of th e  s t r e s s  and d e f le x io n  s t a t e  o f  th e  s h e l l  ro o f s t r u c tu r e .
The n u m erica l v a lu e s  o f th e  moments, f o r c e s  and d isp la ce m e n ts  
a r e  now c a lc u la te d  in  T a b le s  ( H )  t o  (H 2)«
Mx
4 pL = 10 x v 5 s in  X x 9o 86971 s in X x
r 1 io 0 0 0 0 0
A 0
© -1 -1.00000
¥ 0
C o n sta n t te rm 0
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TABLE 11
Edge
D istance e=d5y(1+2) '
e“ j? 6 y (3 +4) 2
......  1 --- .......... ■ ■"
MX
-9186971 sin k x  .2
0 -2 , 78136 2. 35406 -o , 42730 4. 21733 s in  Xx
1 - 1. 64613 1o07523 - 0,57090 5. 63462 s in  Xx
2 -0 . 89428 -0.02751 - 0.92179 Si 09780 s in X x
3 - 0.40778 -0 ,  91845 -1; 32623 13. 08954 s in  X x
4 -0 .10144 -1 .59412 -1.69556 16. 73469 s in  X x
5 0. 08480 -2* 07292 -1 . 98812 1 Si 62217 s in  X x
6 o, 19205 -2 , 38384 * -2.19179 21. 63233 s in  X x
7 0. 24668 -2 ; 55618 -2. 30950 22. 79410 s in  \  x
8 0. 26332 -2 . 61108 -2 .  34776 23i 17171 s in X x
, Maximum Mx , a t  m idspan = 23.17171 l b ,  f t .  p e r  f t .  w id th  sag g in g  
. *. Maximum Mx = 278 l b .  in , p e r  f t .  w id th  sag g in g  . . . . . .
My
L = 104 x 62 s i n X x  = 1 .90970  x 102 s in X x
F = 1 + v = 1 .05168
A = -1 = -1 .0 0 0 0 0
© = -(1  -  v ) = -0 . 94832
¥  -  -1 = - 1 .0 0 0 0 0
C o n sta n t Term = 0 =
Jly -  1,90970 x 102 sinX x [e [ 1.05168 ( a ? 00s k6y + a2 s i n  k6y)
-  ( a 2 cos k5y -  a ? s i n  k5y)j
- e  jf  ^  [0.94832 (a3 cos k ?5 y  + a 4 s in  k ?5 y )
+ (a4 cos kfQ y - a 3 s in  k6y)J ]
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TABLE 12
Edge
D is ta n c e e - j6 y (1 +2)
1* 05168 
x e (  ) - e ' j6 y (2 -1 ) e~J*6 y (3+4)
-Oo 94832 
x e ( )
_e- j ; 6 y
(4 -3 )
0 -2 . 78136 -2* 92510 -3 .7 1 5 8 7 2035406 2, 23240. * 3 ,51009
1 -1 ; 64613 -1* 73120 -2 . 94734 • +  07523 - + O I 966 3® 23099
2 -0  i 89428 -o* 94050 -2 . 29505 -Oo 02751 o. 02609 2.61844
3 -0 . 40778 -0 . 42885 ' - t .  76527 -0 . 91845 Oo 87098 +  80334
4 -0 . 10144 ->0o 10668 -1®35275 -+ 5 9 4 1 2 +  51174 0 .92452
5 0o 08480 0. 08918 -+ 0 4 7 4 3 -2 ;  07292 +  96579 Oo 10222
6 0 . 19205 0. 20198 - 0 o 83857 -2 , 38384 2. 26064 -0 . 56187
7 0o 24668 Oo 25943 -Oo 71721 -2 . 55618 2o 42408 - 0 o 99161
8 0 . 26332 o. 27693 -Oo 67742 -2s. 61108 2 .47614 -+ 1 4 0 1 2
Edge
D is ta n c e 2 +  90970 X
My
102 s in A  x * 2
0 -5 .3 6 3 2 8 -1 0 .2 4 2 2 6  x 102 s in X  x
1 -2 i 46721 -  4 .71163  x 102 s in  Ax
2 -0*59102 -  + 1 2 8 6 7  x 102 s in  A x
3 0 .48020 Oo91704 x 102 s in  A x
4 0 .9 7 6 8 3 +  86545 x 102 s i n  A x
5 1.10976 2.11 931 x 102  s i n  Ax
6 1*06218 2,02845 x 1Q2 s i n >. x
7 0o 97469 +  86137 x 102 s i n  Ax
8 0. 93553 +  78658 x 102 s i n  A x
2Maximum My, a t  m idspan = 10.24226 x 10 l b . f t , p e r  f t . w i d t h  hogging  
Maximum My = 1 2 9 1  lb* in , p e r  f t ,  w id th  hogging  • « 0 • • • • •
1 0 0 3  H 3 d  ± 3 3 3  SO  N n O d
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L = 104 x  t o  52 00s A X =: 4 .34145  x 10 cos A x
r -  3 = -1 .1 1 8 6 7
A k = o. 44696
© -  i/ = -o . 46359
k, = 1 .07854
Term 0 “ —
In  t h i s  and su b se q u e n t t a b le s  th e  v a lu e s  from  T a b le s  (H2) o r 
(H3) haVe n o t b een  r e p e a te d  in  th e  c a l c u l a t i o n  ta b le  f o r  th e  in f lu e n c e .
TABLE 13
Edge
D is­
tance
-1 .1 1 8 6 7
x e -J 5 y  
+ 2)
_ 0.446 96
x e“ J<5y 
(2  “ 1)
-0 ,4 6 3 5 9
x e ~ o f i y
(3  + 4-)
1 .07854 
x e - f tS y
(4- “ 3)
2
Mx y
4. 34145 x 10 
cos A x * 2
0 3. 11142 1. 66085 -1* 09132 -3* 78577 0.10482 0 .45507  x 10 
c o s A x
1 1.84148 1 ,31734 -0.4*9847' “ 3b 48475 -0 . 82440 -3 .5 7 9 0 9  x 10 
co s  A x
2 1 ,00040 1.02580 0 .01275 -2 . 82409 - 0 .7 8 5 1 4 -3 . 40865 x  10 
cos A x
3 Oo 45617 o . 78901 0. 42578 -1*94497 - 0.274 0 1 -1 . 18960 x 10 
cos A x
4 0 .1 1 3 4 8 Oo 60463 0. 73902 “ 0. 99713 0.4 6 000 1 .99707 x 10
cos A x
5 -0 .0 9 4 8 6 0 .46816 0 . 96098 -0 .1 1 0 2 5 1. 22403 5. 31407 x 10 
cos A x
6 -0 . 21484 0* 37481 1 .10512 0,606 00 1. 871Q9 8 ,12324  x 10 
0 0 s A x
7 “ 0. 27595 0 . 32056 1.18502 1.06949 2. 2991 2 9.98151 x 10 
cos A x
8 -0 . 29457 0 .3 0 2 7 8 1. 21047 1* 22967 2. 44835 10, 62939 x 10 
0 0 s A x
Maximum M Xy> a t  end  o f span = 10*62939 x 10 l b .  f t  p e r  f t .  w id th  
Maximum M Xy = 1 , 2 7 6  l b *  in . p e r  f t ;  w id th  . , ; * t
29a »
“f* i i  I i i i -  i
m  va to CO OJ p)
i T
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4 ?T? A4 3
L = 10 x -  -=Tr- s i n  A x = 3 ,17545 x 10 s in  A x
r -  1 = -1.00000}
A -  -  (1 + v) = - 1 ,0 5 1 6 8
© 1 = 1,00000 
¥  -  -  (1 .  v) = -0 .94832
C o n sta n t Term = -  4.58689 x 10'5 co s  ^  s i n  A x '
TABLE 14
Edge
D is ta n c e - e  ^0 y ( a 7+a2)
-  -1  ..05168 
X e - j 8 y (2 -1 ) e - ^ y ( 3+4)
- 0. 94832 
x e-  + 5 y (4 -3 )
0 ■2.78136 -3 . 90791 . 2i 35406 3. 32869
1 +  64613 -3 ;  09966 +  07523 3.06401
2 0, 89428- • -2 . 41 366 - 0.02751 2. 4831 2
3 0.40778 -1 .8 5 6 5 0 -0 . 91845 +  71014
'  4 0 .10144 -1 .4 2 2 6 6 -+ 5 9 4 1 2 o . 87674
5 -0 .0 8 8 4 0 -1 .1 0 1 5 6 -2 .0 7 2 9 2 0 .09694
6 -0 .1 9 2 0 5 -0 .8 8 1 9 1 -2. 38384 -0 ,5 3 2 8 5
I 7 -0 . 24668 -0 . 75428 -2 .5 5 6 1 8 -0 .9 4 0 3 6
8 -0 .2 6 3 3 2 -0 .7 1 2 4 3 -2 .  61108 -+ 0 8 1 2 0
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TABLE 14 (Qonta)
Edge
D is­
ta n c e 2
'N i
3.17545 k
EX]
fQO 003 |
C onst. Term
-4 c 58689
X lo 3 GOS ix 'Nx+ G. T.
0 4. 55620 14.46799 X 103 0 .7 4 3 1 4 -3 .4 0 8 7 0  X 103 1 .10593
x 104 sinX x
1 2. 68571 8. 52834 X 1 0 3 0. 80125 ~3* 67525 x 103 0. 48531
x 104sinX x
2 0. 93623 2. 97295 X 103 0,8526 4 ~3c 91097 x 103 - 0 ,0 9 38 0
x 104sinX x
3 -0 . 65703 -2 . 08637 X 103 0. 89687 -4 .1 1 3 8 4  x 103 - 0 .6 2 0 0 2  
x 104sinX x
4 -2 ; 03860 -6 i 47347 X 103 0. 93358 -4 i 28223 x 103 -1 .0 7 5 5 7  -
x 104sinA x
5 -3 .1 6 5 9 4 -1 0 . 05328 X 1 0 3 o. 96246 -4 .4 1 4 7 0  x 103 -1 ,4 4 6 8 0  
x 104sinA x
6 -3 . 99065 -1 2 . 67211 X 1 0 3 0 .98325 -4 .5 1 0 0 6  X 103 -1 . 71822 
x 104sinA x
7 -4 .4 9 7 5 0 -1 4 . 28159 X 10 3 0. 99580 -4 . 56763 x 103 -1 .8 8 4 9 2  
x 104sinXx
8 -4 . 66803 -1 4 .8 2 3 1 0 X 103 1. 00000 -4 o 58689 x 103 -1 .  94100 
x 104s in \x
, Maximum Nx , a t  m idspan  = 1 .94100 x 104lb . p e r  f t .  w id th  i n  com pression . 
. Maximum = 23 ,292  lb , p e r  f t .  w id th  i n  co m p ressio n .
104 x 2R 64 s i n  X x = -1,64114 x 10^ s i n  Ax
0 =
1 = 1.00000
0 =
-1 = -1.00000
-  1 .14592  x 103 co s  "  s i n  X x
L =
r  = 
A = 
© -  
¥  =
C onstan t Term =
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TABLE 15
Edge
D is­
ta n c e
e- j 6 y  
(a2- a ,  ) (a4- a 3 )
2
'N y
+  64114
x lO2 2
yCOS K
C o n sta n t 
Term 
-+ 1 4 5 9 2  
x 1 0 3 
003 |
T , %  
L'H +
C.T. ]
a in  Ax
0 3.71587 3® 51009 7® 22596 1 +  8588,1 
x 10 2
Oi 74314 -0 .8 5 1 5 8  
X 103
0. 33430 
x 1 0 3 
is in  Ax
1 2. 94734 3® 23099 6017833 10® 13950
x 1 0 2
: 0 . 80125 -0® 91817 
x 1 0 3
0. 09578 
x 1 0 3 
s in  Ax
2 2.29505 2® 61844 4® 91349 8® 06372 
x 102
. 0 ,8 5 2 6 4 -0® 97706 
x 1 0 3
-0 .1 7 0 6 9
x 103 
s in  A x
3 1.76527 +  80334 3® 56861 5, 85659
x 102
0 ;89687 - +  02774 
x 103
-0 . 44208 
x 1Q3 
s i n  \ x
4 1.35275 0 . 92452 2* 27727 3. 73732 
x 102
0. 93358 -+ 0 6 9 8 1  
X 103
- 0.6 9 6 08
x 103 
s i n  A x
5 1 .04743 0* 10222 +  14965 1 ® 88674
x 102
0 .9 6 24 6 - +  10290 
x 1 0 3
- 0® 91423
x 1 0 3 
s i n  Ax
6 0.83857 -Oi 56187 o® $7670 0® 45410
x 1Q2
. 0. 98325 - + 1 2 6 7 3
x 1 0 3
- +  Q8132 
x 1 0 3 
s i n  A x
7 o. 71721 -0® 99161 -Ob 27440 -0 ; 45033 
x 102
0. 99580 -+■14111
x 1 0 3
-+ 1 8 6 1 4
x 1 0 3 
s i n  A x
8 0® 67742 - + 1 4 0 1 2 - 0® 46270 -0® 75936 
x 102
: 1. 00000
?
-+ 1 4 5 9 2  
x 10 3
- +  22186 
X 1 0 3 
s i n  Ax
3 *.■ * • Maximum R. , a t  m id sp an  = +  22186 x 10 lb® p e r  f t .  w id th  i n  co m p ressio n . y  ^
. 0. Maximum Ry = 1 ,466 lb®per f t .  w id th  in  compression®
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L • = 104 x —  6 4 cos A x = 7*21896 x 102 c o sA x
Vy
r  • = -k  = - 0 .4 4 6 9 6
A = ' - 3  = -1*11867
© = k j = 1*07854
. Y = j r = 0.46359
C o n sta n t te rm  ■ = -3*24228  x 1 0 3 s i n  J  c o sA xK
TABLE (.16)
Edge
D is ta n c e
- 0 . 4 4 6 9 6
x etoO y
(1 + 2 )
- 1 . 1 1 8 6 7
X e-3<5y 
( 2 - 1 )
1.07854
x e~3} Qy
(3 + 4),
0 . 4 6 3 5 9
x e~JjQ y
( 4  -  3 ) .
0 1 . 2 S8 1 2 -4-* 14538 1 * 5 0 9 9 1 - 1 . 7 5 0 4 3 .
1 0 * 7 6 9 0 1 - 3 . 2 7 0 6 3 0 * 1 3 9 2 7 -1 i 78452
2 0 * 4431 9 - 2 . 5 1 6 7 1 -0* 90937 -1.67564
3 0.23805 -1 * 8 8 6 5 6 -1*57550 - 1 . 4 7 0 3 9
4 of 1 1 5 3 2 - 1 . 3 6 8 5 2 -1 . 84612 -1.20543
5 0. 04746 -0 . 94365 -1*74978 -Q. 9 1 1  20
6 0 . 0 1 4 6 8 -0 . 58968 -1.34876 -0.60704
7 0 . 0 0 2 5 8 -0 . 28299 -0. 73073 - 0 . 3 0 2 5 9
8 - - - -
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TABLE 16 (Qonta)
Edge
D is­
ta n c e
N xy
7* 21896 x 102S S in  *- ix
C o n sta n t 
T ern  
■3. 24228 x 103 
S in
Nx y
‘to y  + ’C.T.
0 -3*11778
-4* 14687
to .65853
-4 .6 9 4 4 0
-4 . 30475
-3* 55717
-2 .5 3 0 8 0
■1*31373
■2*25071 x 103
■ 2* 99361 x  103
-3*36297 x 103
■ 3. 38887 x 103
-3 i 10758 x 10
- 2.56791  x 103
-1 .8 2 6 9 7  x W
-0 , 94838 x 103
0*66913
Oo 59832
0*52250
0* 44229
0. 35837
0* 27144
0 ,18224
0* 09150
2*16951 x 103
.1* 93992 x 103
■1i 69409 x 103
-1 i 43403 x 103
-1 ; 16194 X 103
-0*88008 x 103
-Oi 59087 x  10'
•0*29667 x  10'
to* 42022
x 103 
cos Ax
to*93353
x 103 
cos Ax
•5* 05706 
x 103 
0 0s A x
to .82229 
x 1 0 3 
00s A x
to* 26952
x 1 0 3 
cos A x
-3; 44799
x 10 3 
g o s  A x
-2* 41784 
x 103 
cos Ax
-1o 24505
x 103 
0 0 s A x
8
*0. Maximum I ^  , a t  end o f  sp an  = 5*05706 x 1 0 3 lb* p e r  f t*  w id th  
4 *. Maximum NXy = 5,057 lb* p e r  ft.* w id th  <»*. . *
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• x
L = 104 x v /v 65 o o s A x = 5® 99956
r  = = -+00000
A = 1 +  00000
© = 1 +-00000
¥  = 1 +  00000
:m = 0 — _
TABLE 17
Edge
D is­
ta n ce (1 + 2)
e~j8y
(2  - 1 )
e - j r 5y  
(3 + 4)
eU ,6 y  
(4 -  3)
2
Qx 
5® 99956 
cos X x . 2
0 2; 78136 3 .7 1 5 8 7 2, 35406 -3 .5 1 0 0 9 5* 34120 3® 20448 
x 10 
oos A X
1 +  64613 2 .9 4 7 3 4 I .O 7523 -3 . 23099 2* 43771 +  46252
x 10 
oos A x
2 a  89428 2. 29505 - 0 .0 2 751 — 20 61 844 0* 54338 0® 32600
x 10 
cos Ax
3 0® 40778 1 .76527 -0 .  91845 -+ 8 0 3 3 4 -0*54874 -0o 32922
x 10 
cos A x
4 0® 10144 1.35275 -+ 5 9 4 1 2 -o® 92452 - +  06445 - 0 o 63862 
x 10 
cos A x
5 -Oo 08480 1.04743 -2® 07292 j-0„ 10222
1
-+ 2 1 2 5 1 | -Oo 72745
| x 10 
i oos A x
6 -Oo 19205 0 .838571 -2 .  38384 'Op 56187 :-.1 .1 7 5 4 5
i
-o® 70522
x 10 
oos \ x
7 - 0* 24668 0 .7 1 7 2 1 -2 ,5 5 6 1 8 0® 99161 j -1 .0 9 4 0 4i1i
i
-Oo 65638
x 10 
oos A x
8 - 0® 26332 0. 67742 -2* 61108 +  14012 ; - 1 .  05686
I
- 0® 63407
x 10 
oos A x
■,* i Maximum a t  end of span  = 3 ,20448 x 10 lb* p e r  f t .w i d t h
Maximum Qx = 32 lb . p e r  f t*  w id th
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104 x S3 s i n  Ax = 2, 63906 x 10 s i n  Ax
j  -  k -  0; 67171
- 0  + k) = -1*56563
- ( j ,  + k , )  = -1 .54213
k ? -  j, = 0*61495
0  =
TABLE 18/
Edge 
D is- ; 
ta n c e
0.67171
x e^JS y  
( 1  +  2 )
- 1 i 5 6 5 § 3  
x e~3°y(2 - 1)
- 1*54213
x e ~ j? 6y 
( 3  +  4 )
0 ,  6 1 4 9 5
x e - j ;6 y
( 4  3 )
2
Q y
2 . 6 3 9 0 . 6  x  1 0  
s i n  A x .  2
0 - 1 *  9 0 5 7 9 - 5 . 8 0 1 6 5 - 2 . 1 5 8 9 2 - 2 .  3 2 1 9 3 - 1 2 .  1 8 8 2 9 - 3 *  2 1 6 5 6  
x 1 0 2 
s i n  Ax
1 - 1 ,  1 5 5 7 0 - 4 .  5 7 7 4 0 - 0 . 1 9 9 1 4 - 2 .  3 6 7 1 6 - 8 .  2 9 9 4 0 - 2 .  1 9 0 2 6  
x 1 0 2  
s in  Ax
2 —0* 66604 5 2 2 2 4 1.30025 - 2 .  2 2 2 7 2 “ 5 . 1 1 0 7 5 - 1 . 3 4 8 7 6  
x 1 0 2  
s in  Ax
3 - 0.  3 5 7 7 5 - 2 .  6 4 0 3 3 2 .  2 5 2 7 0 - 1 .  9 5 0 4 6 - 2 .  6 9 5 8 4 - 0 o 7 1 1 4 5  
x 1 0 2  
s in  A x
4 - 0.17330 - 1 .  9 1 5 3 1 2 i  63963 - 1 . 5 9 8 9 9 - 1 .  0 4 7 9 7 - 0 ,  2 7 6 5 7
X  1 0 2  
s in  Ax
5 - 0.07132 - 1 .  3 2 0 6 9 2.  5 0 1 8 9 - 1 .  2 0 8 7 0 - 0 .  0 9 8 8 2 - 0.02608
x 10  2  
s in  A x
6 - 0,02207 - 0.82529 L  9 2 8 5 0 - 0 1 8 0 5 2 3 O i  27591 0,  0 7 2 8 1  
x 102 
s in  A x.
7 - 0 ;  0 0 3 8 8 - 0 .  3 9 6 0 6 1 . 0 4 4 8 2 - 0 . '  4 0 1 38 0,  2 4 3 5 0 ' O i  06426
x iO 2 
s in  Ax
8 - - -
i
- _
Maximum Q , a t  m id sp an  := 3» 21656 x 102 lb , p e r  f t - w id th
Maximum Qy = 322 lb , p e r  f t ,  w id th .
L =
r  =
A = 
© = 
¥  =
C o n sta n t te rm  =
s a N n o d
I
37
2T? 0 — 3
L = 10 x ~  x : c o s A x  = 1 .68462  x  10 c o sA xLO V'/V
r  = 1 = i.ooooo
A = (1 + v) = 1 .05168
© = -1 = -1,00000
¥ = (1 - v) = 0. 94832
C o n s ta n t te rm  = 2; 43341 x 10 cos J  cos AxK
TABLE 19
Edge
D is ta n c e
e -  ^ 6 y  
(1 + 2 )
1 .05168  
x e - jS y
(2  - 1 )
- e - j ,  Qy
(3  + 4 )
0. 94832 
x  e - j , 6 y
(4 -  3)
2
0 - 2. 7 8 I 36 3.9 0 79 1 -2 , 35406 -3 . 32869 - 4 .5 5 2 6 0
1 - 1 .6 4 6 1 3 3 * 09966 -1 . 07523 -3 .0 6 4 0 1 -2 ,68571
2 -0 ,8 9 4 2 8 2 .41366 . 0 .02751 -2 .4 8 3 1 2 - 0 ,9 3 6 2 3
3 -0 ,4 0 7 7 ^ 1,85650 0 .91845 - 1 ,7 1 0 1 4 0 ,65703
4 -0 ,1 0 1 4 4 1.42266 1 .59412 - 0. 8 76 74 2. 03860
5 Oo 08480 1.10156 2. 07292 -0 .0 9 6 9 4 3 .16234
6 0 . 1 9205 0, 88191 2. 38384 0 , 53283 3. 99063
7 0.24668 0, 75428 2.55618 0 . 94036 4 .49750
8 0 .2 6 3 3 2 0. 7124-3 2. 61108 14- 08120 4 .6 6 8 0 3
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TABLE 19 (O ontd)
Edge
D is tan c e
u
+■68462 x 10 3 E cos ZR
C o n sta n t Term
2.43341 x 10“ 3 
Zcos
R
u
' u + C ® T.
0
4
8
■70 66940 x 10"
■4* 52440 x 10'
+  57719 x 10"
+  10685 x 10'
3,43427 x 10
- 3
5. 32734 x 10 - 3
—3
6® 72270 x 10
7* 57658 x 10“ 3
7*86386 x 10-■3
0o 74314
Oo 80125
0 ® 85264
0® 89687
0* 93358
0 ® 96246
0® 98325
0* 99580
+  00000
+  8O836 x 10
+  94977 x 10'
2*07482 x 10"
2.1-8245 x 10”
-3
■5*86104 x 10 
oos Ax
■2. 57463 x 10 
cos Ax
0*49763 x 10' 
cos A x
-  3
2*27178 x 10 - 3
3® 28930 x 10 
cos A x
5*70605 x 10" 
oos Ax
- 3
2® 34206 x 10
2® 39265 x 10'
2*42319 x 10
2o 43541 x 10
-  3 - 37 .66940  x 10 
cos A x
9.‘11535 x 10“ -
GOS A X
9c 99977 x 10" 
oos A x
10*29727 x 10" 
co s  A x
Maximum u , a t  end o f  sp an , = 10* 29727 x 10 3f t 0 
Maximum u = 0* 124 in®
0
-0
1
0
 
-h 
D
IS
T
R
IB
U
T
IO
N
 
O
F
,4 2R 6 3L = 10 x —  . —  s in  A x = 7*41023 x 10 s in
r  = j  + k  (1 -  v) = 1 .54253
A = j  (1 -  v ) -  k  = 0 .61390
© = - j ,  + k , (1 + v) = 0 .6 7 0 6 9
¥  = j  (1 + v) + k ,  = 1 .56609
*“ 3 VC o n s ta n t te rm  = - -6 .8 8 2 7 3  x 10 s in ,  J  s i n  Ax1 K
TABLE 110
Edge
D is tan c e
1.54253
x e - j5 y  
(1 + 2)
0. 61390 
X e “ j s y  - 
(2  -  1)
Oo 67069
x e -J?  Oy
(3 + 4)
1 .56609
x e -J /O y
(4  -  3)
0 -4 .  37650 2. 27489 Oo 93894 -5*91326
1 -2 .6 5 3 9 7 1.79485 Oo08661 -6 ,0 2 8 4 3
2 -1 .52951 1. 38110 -0 .5 6 5 4 9 -5 ,6 6 0 6 0
3 -0 .8 2 1 5 5 1 * 03530 -0# 97972 -4*96723
4 - 0 . 39797 0 .7 5 1 0 1 - 1,14801 -4*07215
5 - 0.1 6379 0 .5 1 7 8 6 -1 ,0 8 8 1 0 - 3 . 07818
6 - o , 05067 o, 32361 -0 .8 3 8 7 2 -2 ,  05069
7 ■ -0^ 00892 0 .15530 -CL 45441 -1 .0 2 2 2 0
8 - - -
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TABLE 110 (Contd) '
Edge
D is­
ta n c e
2 *v 3 7 .41023  x 10 2 s i n  J
C o n s ta n t Term 
-6 .8 8 2 7 3  x 10-3
ys m  g
V
'v+C, T.
0 -7« 07593 -5 2 .4 3 4 2 7  X 10"3 0 .6 6 9 1 3 -4.60544- x 10"3 -5* 70397
x 10~2 
s i n  A x
1 -6 . 80094 -5 0 . 39653 x 1Cf3 0. 59832 -4 .1 1 8 0 8  x 10 -5 . 45146 
x 10"2 
s i n  A x
2 -6 . 37450 -47 .23651  x 10~3 0 .5 2 2 5 0 -3 .5 9 6 2 3  x 10"3 -5 . 08327 
x 10~2 
s in  A x
3 -5 .7 3 3 2 0 -4 2 .4 8 4 3 3  x 10" 3 0 .4 4 2 2 9 -3 .0 4 4 1 6  x 10"3 -4 .5 5 2 8 5
x 1 0 -2
s i n  Ax I
4 -4 . 86712 -3 6 .0 6 6 4 8  x 10"3 0. 35837 - 2 .4 6 6 56  x 1 0 -3* 85330 
x 10"2 
s i n  Ax
5 -3.81221 -2 3 .2 4 9 3 5  x 10"3 0 .2 7 1 4 4 -1 .8 6 8 2 5  x 10~3 -3 . 01176 
x 10“ 2 
s i n  x
6 -2 . 61647 -1 9 . 38864 x 10"3 0 .18224 -1 .25431  x 10— 3 -2 . 06430 
x 10" 2 
s i n  A x
7 -1 .3 3 0 2 3 -9 .8 5 7 3 1  x 10"3 0o 09150 -0 .6 2 9 7 7  x 10~3 -1 . 04871 
x 10™2 
s i n  A x
8 - - - - -
_ 2
Maximum v ,  a t  mid sp an  = 5. 70397 x 10 f t .
Maximum v = 0. 684 in .
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w
L = 104 x —  s i n  A xE l
r  = 1
A = o
© = 1
¥  = 0
1. 00000
4.60800 x 10 2 s in  Ax
1, 0 0 0 0 0
C o n s ta n t te rm -  7. 31236 x 10 oos J  s in  Axit
TABLE 111
Edge
D is­
ta n c e
e-j&y
( a 7 + a 2)
e-df6 y 
( a 3 + a4)
w
4, 60800 
x 10~2 
s in  A x
cos XR
O o n stan t
Term
-7 , 31236
x 10-3
oos Z  K
w
•w+0. T.
0
4
-2; 7 8 1 3 6
-1 . 64613
■0; 89428
- 0 . 4 0 7 7 8
•0. 10144
0. 08480
0 ,1 9 2 0 5
0. 24668
o, 2 6 3 3 2
2* 35406
1.07523
ftO® 0 2 751
•0, 91845
-1 .5 9 4 1 2
-2 ,0 7 2 9 2
■2. 38384
-2. 55618
- 2; 61108
- 0 . 4 2 7 3 0
- 0 .5 7 0 9 0
-o, 9 2 1 7 9
-1* 32623
-1 .6 9 5 5 6
■1. 98812
-2 .1 9 1 7 9
-2 . 30950
-2 , 34776
■1, 96900 
x 10" 2
ft2; 6 3 0 7 1
x 10“ 2
-4 . 24761 
x  10“ 2
-6* 11127 
x 1 0 -2
-7 ,8 1 3 1 4  
x 10-2
-9 .1 6 1 2 6  
x 1 0 -*
‘10,09977
x 10“ 2
-10,64218 
x 10“ 2
-10.81848 
x 1 0 -2
0 ,74314
0. 80125
0. 85264
0 ,89687
0. 93358
0. 96246
0 . 9 8 32 5
0. 99580
1.00000
-0 . 54341
x 10 "2
-0 . 58590 
x 10"2
-0.62348  
x 1 0 -2
- 0 , 6 5582
x 10-2
-0 . 68267 
x 10“2
-0 . 70379
x 10” 2
-0 .7 1 8 9 9  
x  10“ 2
-0,72816  
x 1 0 -2
- 0 . 7312 4
x 1 0 -2
Maximum w, a t  mid span 
Maximum = 1,3 8 6  in .
+  15497 x 10“' ft.-
•0 ,2 5 1 2 4
x 10~7 
s in A  x
-0 , 3 2 16 6
x !0“ 7' 
s i n  A x
•Oo 48711 
x 10- 7 
s in A  x
•0 . 6 76 7 1
x 10~7 
s i n  A x
•0o 84958 
x 10“ 7 
s in  A x
■0 . 98651
x 10- 7 
s in  A x
•1, 08188 
x 10~ 7 
s in  A x
•1.13703
x 1 0 - 7 
s in  Ax
■1.15497
x 10~7 
s i n  Ax
Dl
 S
T
R
I 
B
U
T!
 O
N 
O
F
o to 41a
0
1
1 3 3  J
42
JL
L  =  1 0 4  x  r —  s i n  A x  =  6 , 3 6 7 8 9  x  1 0  3  s i n  A xEl
r  =  ' - j  =  - 1 . 1 1 8 6 7
A  =  k  =  0 i 4 4 6 9 6
©  =  - j ,  =  - 0.46359
¥  = kr = 1* 07854
— 5 y
C o n s t a n t  t e r m  =  -  1 .  9 0 9 8 6  x  1 0  s i n  —  s ± n A xR
TABLE. 112
E d g e  
D i s t a n c q
-1 .11867
x  e - j O y  
(1 +  2)
Od 44696
x  e - j O y
(2 - 1 )
- 0.46359
x  e - j f  O y
(3 +  4)
1.07854 
x  e “  4  o y
(4 -  3)
2 j
0 3* 1.7391 1.65627 -0 . 64901 -4c 07236 Oo 10881
1 1 .  92471 1.306 77 - 0.05986 -4c 15168 - 0 .  98006
2 1 ,  10923 • 1. 00554 0. 39088 “ 3 *  89836 -1,39271
3 0,59580 0. 75377 0.67720 - 3 *  42085 -1 ,39408
4 0 „  28862 0. 54679 Oi 79352 '  -2 . 80442 -1 .17549
5 0 ;  11878 0 .3770 3 0 .  75211 -2d 11989 - 0 .  87197
6 o ,  03675 0.23561 Oi 57974 -1 ,4 1 227 - 0. 56017
7
8
0,00647 0; 11307 0.31409 - 0* 70397 -o* 27034
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TABLE 112 (Contd)
Edge
D is­
ta n c e
'0
6. 36789 x 10" 3 
s in  Ax s in  ^
C o n s ta n t Term 
-1 ,9 0 9 8 6  x 10"5
ys m  R
0
10 + 0. T.
0 0 ;69289  X 1 0 " 3 0, 6691 3 -0o01278 x  10“'3 0. 68011 x 10" 3
s i n  A x s in  Ax
1 -6 .24091  x 10“ 3 0* 59832 -0 .0 1 1 4 3  x 10" 3 -6 .  25234 x 10" 3
s i n  A x s in  Ax
2 -8 , 86862 x 10" 3 oe 5 2 2 5 0 -Oo 00998 x 10~3 -8 .8 7 8 6 0  x 10~3
s i n  A x s in  A x
3 -80 87735 x 10“ 3 o 0 44229 -0 .0 0 8 4 5  x 10“ 3 -8 .8 8 5 8 0  x  10" 3
s i n  A x s in  Ax
4 -7 .4 8 5 3 9  x 10" 3 0 .3 5 8 3 7 -0* 00684 x 10“ 3 -7*49223 x 10“ 3
s in  A x s in  Ax
5 - 5.55261 x 10“ 3 0. 27144 -0 , 00518 x 10“ 3 -5 ,5 5 7 7 9  X 1 0 " 3
s i n  A x s i n  Ax
6 - 3 .5 6 7 1 0  X 1 0 '3 0. 18224 -0 . 00348 x 10 " 3 -3b 57058 x 10“ 3
s i n  Ax s i n  Ax
7 -1 . 76150 x 1 0 "3 0.091 50 -0 . 00174 x 10" 3 -1, 72324  X 10"3
s i n  Ax s i n  \ x
8 - - -
Maximum 0, a t  mid sp an  -  8* 88580 x 10 ~ 3 rad iu s*
Maximum 6 = 30 1
o
TO
9
6
i
in o m
o  4Sa 2
o  o
6  6
o in © m O w>m O O
Q 6 0 O ©
6 6 6 6 ©
s n  v i a  v a
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3.3 EXAMPLE 2
K33EBESaS*tfi^ ae*WSeai-*&#rW-Si«5*-?*4»
The second example is that of a northlight shell with prestressed 
edge beams o The shell considered is again an intermediate one in a 
multibay structure (figure 2)»
In this ca.se the calculations are considerably condensed and 
are in a form which might be used in a design office ©
A Dimensions'
Length s 90 ft
Width a 40 ft
Thickness » t s 0 o25 ft
Radius s R s 38 ft
B Shell Properties
EI 3 0»9375 x 10* lb ft* /ft
Et " 180 x 106 lb/ft
0 1 j d ge Beam Properties
Beam type 1 , 5 ft x 1 ft Beam type 2 > 4 ft x 1 ft
7o5 x 109 lb ft* EIbz a 3o84 x 109 lb ft1
E A 2 n 2©88 x 1 0 9 lb3o6 x 109 lb
W, o 5 ft lfa s 4 it
D Prestressing
F 452,000 lb 452000 lb
lo04 ft 0 o54 ft
3oOQ f t 2o00 f t

4S
E (J 3? Value
<r =  o 2G 5 o60 x 10 9
$ § ab3
G $
4o662 x
5©2448
x (i ) 1©4569
F Shell .Shape Constants
k
0,
l z i r f a . ) i
J  I  I R t /
/ x  /££_ y
'\l 90 \ -36 . k/J (for 1st harmonic) a. 0©1237463
^ / § l  =s —  / &  (for 1st harmonic) a 0©07956985
k, n { 
A «
<• V 1 + (1 4 V)1 + (1 4- V) ! Z
I ' 2 5
|  7  (1 4 V )T  -  (1 »  V )  j *
t +  H i  - »>* - 0 - V) ft
J.
1yfi + (1 -  v F  4 d  -  v? i z2
« 1 ol29
s 0 ©4415 
s 0 o468 
« lo067
t 3©4906 x 10'
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G- Table o f S h e ll  C onstan ts
Function ] L r 1 ” ..... © f i  !
[ I§ S i n A  x r — “ 1 ~
j
jl ,22 x icf5 - 1
*
i o ! » 1
i
| 0 ■
1 %
1
slI
jl0532
S i n A  x 
x 10 1
1 + V
lo0796
| - i
■ ~ i
[ - ( 1  )
- 0,92041
If
- 1
\ ; 
I
“ 1
1-f? s1
i
|4,32
]
Cos A x
-3
x 10
" J 
~ 1.129
k
0 04415
- 3 1 
- 0,468
:
1 k ,'
1,067
M uri-fr** • • —— « — — •
Nx
XRS+
T T
5 2,1221
Sin A  x 
x 10”'
- 1 
- 1
■ = (1 +V) 
- 1,0796
1
1
- ( 1  - + );
1
- 0,9204!
| %
i R S ^ S i n X x
11.695 x 10"1I
0 
0 -
j 1 
1
.......T ~
0
- 1
i 1
Nxy
i 2R_S* Cos A x 
! ^
■ 6 ,01 x 10"!
k
- 0 ,4415
“ j 
- 1.129
k,
1,067
3 ,
0,468
Qx
’Tn S3 CosA x
!■
5,35 x 1 0 T
- 1 
- 1
1
1
1
1
1
1
Qy
&3
1,897
S inA x
x 10
j - k 
0,687
- (3 +  k)
- 1.571
- (jt+k,)
- 1,535
K-3.
0 ,5 9 9
......... —  — ~
U
I B J l
Et
3 ,38
Cos A x
-8
x 10
1
1
1 + V 
1 ,0796
~.- — *r
~ 1
" 1
1 - V
0 ,9 2 0 4
V
IE b3 Et ^
1.199
Sin A x 
x 10
j -  k (fc-V) 
-  1 ,535
j  ( l  -  V ) «k 
-  0 ,598
“ 3,- k,(l+V)
« 0,683
j, (l 4? ) - k; 
- 1,572
W
i
£1
1,068
S in A x
-6
x 10
1
1
0
0
1
1
0
0
0 y  !j
A
El
1 ,323
Sin A  x
_-7
x 10
- 3
— 1,129
k
0.4415
- 3 1 
“ 0,488
k,
1,067
]
' Py 1
t>3
1 o897
SinA x
- 3
x 10
3 (l -V ) -k 
0 ,598
■{j-tfc ( 1  -V] 
- 1 , 5 3 5
+k,]
~ 1,572
- j, + k , ( l  +?) 
0,683 j
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II S im p lif ie d  S h e ll C onstan ts
F u n c tio n O r d e r  j
1
A d j u s t e d
O r d e r I V
|
L A
■
!
L © i  *
M x 10 j 10 r W 1.2185 0 - 1<>2185 0
.My 1 0 " 2- 1 10 3 “ 1 o65533 lo5314 -  1 O4095 1 0 5314
Mxy 10 ‘ 3 I i o 2- - 4o8826 w lo9207 -  2*0235 4 .6 1 2 1
N x i o ' 1 1 0  4 2 * 12 2 1 2*2910 -  2 * 1 2 2 1 U 9532
N y 1 0 " 1 1 0  3 0 ca 1*6885 0 tfti 1©6885
N x y 1 0 " * i o 3 2®6612 esi 6 07648 -  6*3901 *?:> 2©8038
Q , x 10  ~+ 1 0 tea 5*3461 <£i 5*3461 ra 5©3461 «9 5 ®o461
1 0 “ S 1 0 * 1©2993 tss 2*9844 -  2 * 9 X09 1*1355
U 1 0 “  8 1 0 "  3 rsj 3*3770 xa 3 ©6458 -  3*3770 {** 3*1082
V i o ~ 7 1 0 " * 1 &8 5 3 X G3 0*7132 -  0 o8192 ca 1 .8 8 5 7
w 1 0 i o ' 1 1 .0 6 6 1 0 i -  1*0661 0
0 a  
| *
10  " 7 i o " 1
I
eu 1*4911 1^1 0*5866 «  O 06I 8O rss 1-.4085
%
L
1 0 " 3 10
!
*5? 1©1289 £9 2*9173 j -  2*9810 qa 1*2966
I  Mernbr ane VaL ue s
The e x p re s s io n s  f o r  th e  membrane v a lu e s  o f  th e  in f lu e n c e s  a re  
g iv en  in  P a r t  1 0 E q u a tio n s  5*42 and 5$43©
L oading
PoL© ° 3 in* s h e l l  “ 37*5 I b / s q  f t
Snow and in c id e n ta l  lo a d in g  assum ed 
d i s t r i b u t e d  as  DL s 15 I b / s q  f t  
o * o  t o  ”  5 g <>5 i b / s q  f t
t i
f a r t
/
\
Wind lo a d  d i s t r i b u t i o n  
£ 0V q „
48
Uniform p re s s u re  o f on© s id e , uniform  s u c tio n  o f  q w on
the other y ie ld s , when harmonically analysed a normal loading ofs
sin  . s in  X x
■mr ¥  R
Since suction coincides w ith  th© area of +v< y values
then lur a a t edge and 52 - 15 at crovm
correspond to a pressure on th© s h e l l0 Membrane values are
therefore!
I s -  sin. % -  -  0o656 , bos 1  s o,„?54 ^ 180°  R > R
(p » * * |0* T I go*
• 21T* - TT* • "TX s “ U<jpR C0S = ~
s m  b 0
Due to DL
Snow Wind Worst case
incidental (Pressure or 
suction)
j (Wind pressure)i
Harmonic
Nx - 1640 ** 660 0 | ra 2300 sin X x
Ny 1300 -  518 0 J -  1818 sin A x
Nxy -  1800 « 718 +• 2400
1
| * 4918 cos A x
u 2o61 x 10 * lo05 x 10'* 0 3*66 x 10"* cos A  x
I T - 7 ®48 x 10'* - 3o00 x 10'* + 5©42 x 10 1 - 6©468 x IO**3 sin A x
1 w
I
-11o4 x 10'* - 4o55 x 10'* 0 -4i -15o95 x 10I sin A  x
| % - ,6o26 x I Q ' 6 | -  2*51 x 10'° + 2„77 x IO'3
1 “3| -  2*78 x 10
I................. _  .
sin A x
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At Crown
~  0 s i n ^  s sin  — ^ » 0 } cos ^  * cos^ r  s lo °°
Du© to
[
DL Snowincidental
W in d  
(Pressure or 
suction)
Worst case 
(Wind pressure) Harmonic
Nx - 2170 - 870 0 - 3047 ©77 k  sin A x
Ny i - 1720 » 690 0 - 24-06 © 42 sc sin/Vx
Nxy 0 0 t 2400 - 2402©05 sc cos A x
u 3*46 x 10~* 1*384 x 10"* 0 4*84300x10'* •x cos A  x
V 0 0 t 5*42 x 10* -  5 s43076x10*^3 sc sin A x
w ~15o07 x 10* -  6*02 x l<f* 0 -20„86395xl0'* sc sin A x
Gt, 0 0 + 2*77 x 10'3 - 2o77352xld"3 sc s in 7v x
I t  w i l l  be seen  t h a t  w here th e  w ind  e f f e c t  i s  a d d i t io n a l  to  a DoL©
e f f e c t  th e  s ig n s  a re  th e  san e  when w ind  p re s s u re  i s  assum ed0 S in ce  th e
more im p o r ta n t e f f e c t s  o f  p r e s t r e s s in g  a ls o  have th© same s ig n  th© 
w o rs t  lo a d in g  c a se  i s  ta k e n  as  i n c id e n ta l  lo a d  p lu s  w ind pressu re©
J  C o lla te d  S h e l l  V alues
The c o n d it io n s  a t  th e  crown o n ly  w i l l  be c o n s id e re d  a t  t h i s  s ta g e  
s in c e  th e y  a re  known in  g e n e ra l  to  be more s e v e re  th a n  th o s e  a t  th e  
edge a id ,  m oreover, p ro v id e  more d i r e c t  in fo rm a tio n  f o r  d e s ig n  purposes©
The c o l la te d  v a lu es  a t  th e  crown a re  as fo llo w s!
50
Function Harmonic Orderj I V L A ____ L © Membrane
My sin A x 103 1*65533 | *» 1*5314 » 1*4095 - 1*5314 0
Nx sin A x 10* - 2*1221 1 - 2*29101 2*1221 - 1*9532 - 0*30478
Ny sin A x 103 0 1 1®6885 0 « 1*6885 - 2*4064-
Nxy cos A x 10" - 2*6612 - 6*7648 6*3901 2©8036 - 2*4021
! U cos A x i o 3 3*3770 3*6458 - 3*3770 3*1082 0o48430
V sin A x i d * 1*8531 0*7132 0*8192 loB837 - 0*54307
w sin A x i o ‘ ",1.0661 0 1*0661 0 - 0*02086
0y sin A x i o 1 “* 1 ©4:911 | Q©5866 - 0*6180 1*4085 - 0*27732
sinX x i o x 1*1289 | - 2*9173 - 2*9810 1.2966 0
K Compatibility Equations
Four equations are required thuss
A© v  shell s v beam (i*e* horizontal deflections into shell)
Bo u shell 52 u beam (i0©o longitudinal deflections towards centre
of shell)
Co w shell s w beam (i*e* vertical deflections upwards)
Do 0 shell s © beam (i0e© rotations)
L Development of Equation A
v shell from table in section J
v beam from prestressing* from thrust in struts, from shear at 
junction and from thrust at junction o
Prestress v — ti?^ 1 sinA x Horizontal thrus— — — L Ei TT X1 J
9JFS 
t l 'HIT
Struts H a V tan 30° Wt of beam - B) ta.n 30°
a ( ^  150.5 -  Fj) ta n  30°
51
Total horizontal thrust 
H
L continued
[ 4rr ( ?£+ + 750 tan 30°) - ?a tan 30° 4 By] sinX x
•sr + 1 So law So) - tan 30°. T„ + sinX xE3b, taif *' I 1 '  * Elk.VJ
Shear v  N*.? H' 
—  zeit.X’
sinX x •
- r 4a f. i. + f 9F ts , , 750 tanL f ^ iiwV ' E f t v  *  y I  I F  +
- -so* P., _ V  Hxy 4- Nsk_, 11 sinA x
Elb, X4 1 * « b, v • E li ,  \ +  J1
[0,137156 -• 5.1850„10* 7.83712.10'fc Nxy 8.980692 x 10"S Hy] SinX X
r. tarn--Ifni (Jirmr -r.T.-inr '"*****+* *-*■***•■ *K‘V1 «****••** *—«»*. -«— «
Item Order | Goiff aq a2___ a3 a4___ ; Const©
1st Const term ■-J4J 
|
°.
l wl ( i 137.156
- 5,1850 x 10'S R, i o * 3  L 5,85335 ■V 15©12620 \ 15©45649 6o72287 «$» ;
- 7,83712 x 10 ** Nxy i o ' 3  L 20*85614 t 53,01655 - 50©07998 - 21©97215 18,8255
=89 e80692 x l0‘SNy 10'3 | 0 *!- 151,63861 0 - 151©63861 =216,1114
j Total v beam 10- 3  1j 1 15,00279 i1 219©78136 «  34,62349 -  180©33363 -  60©1293f
| - v shell i 10 j =» 18©531 :»1 7,132 - 8©192 ** 18 ©837 t 5©45071s
Equation A I10'3 r 3,528 il 212,649 - 42,815 - 199 ©171 “* 54®6986 |
^ Development of Equation B
u shell from table in section J
u beam from prestress, horizontal thrust and shear
Prestress u G ( 4" *■ ^ - ^ C o s X xE-hTTA V a , 2 Xkt/
Horizontal thrust u s JJJ H dx
- r _ > L —  L  ( *£ft + 7 SO ta«3o) +  - = £ ~ .  N a]
"  L i V d b ,  itir V i 1 '  2*s £It>, a 2 'V fIb,
_ 1 _  {  *  + E 1 ? C o s V x  4*A £ I. Tj),
Cos X x
Shear u
ii - f { —  + H ‘  ^- JLHi—  / + TSoianSo0)■’[£tnr\VAl x i j  a ? E V T M  ^
J .  _ ! .  f 4 . 4- *21*30% _ INm 1 CosXx
+ 4 X E  1 A, Mi, } "** + i w m :  P* l>?EXb, 5 J
r  - X  - 6  - 4[~ 0©738947 x 10 + 0*911891 x 10 Nxy + 4*524763 x 10 Py
- 7*837125 x 10“* Ny] cosXx
Item Order al | a2 | a3 | a4 Const*
First const term io“s \I¥ - 7*3895.
0*911891 x IO"6 Nxy 10“ 3 - 2*426?f - 6*1188 j- 5»8271 - 2©5568 - 2*1905
0©452498 x 1Q~5 Py 10-3 - 0*5108 - 1©3201 ; — 1©3489| - 0*5867 0
-7 ©837125 x IO1”6 Ny 10" 3 0 -13*2331 0 -13*2331 -18*8594
» u shell 10” 3 - 3©3770 - 3*6458 - 3*3770 - 3*1082 - 0 ©4-843
Equation B 10";3 - 5 ©2929 -24*3677 - 7*8551 “13*2684 - 8*7952
N Development of Equation C
w shell from table in Section J
w beam ° W m i o t  effect, - deflection of lower beam, -rotation 
effect of upper beam©
Willlot effect ■v beam tan 30°
Deflection of lower beam It is assumed that the deflection is equal 
to that produced by the combined weight of the two edge beams less Py 
acting on th© lower beam in a vertical position*
8  FzSi
I*Weight of edge beams « 1575 lb/ft Prestress upwards
J —  If 8J»* _ /S7S)l SrvA-x - _i3i£L sin\X
A * f l t t l 3 « • '  I 1 ' J  E It lw r*-
W O
R o ta tio n  E f f e c t  w  -  H.‘ Gt
w  b e a m ( v  b e a m )  t a n  3 0 °
+
+
+- — t  t L I i h  - is'j's
L Hlfcj -hTTX1 v r r\ 4 E X|>2 VI| )J S ^ A x
A 4 E lb*
4-
0 * 5 7 7 3 5 0 3  v b Q a m  -  0 * 2 1 8 7 6 7 4  -  1 . 7 5 4 0 4 . 1 0 “ 1 P ^ t  2 * 5 6 3
I t e m ! O r d e r . a l a 2 a 3
-  0 * 0 5 7 7 3 5 0 3  x  1 0 io "2- j- 0 * 8 6 6 2 -  1 2 * 6 8 9 1 4 1 * 9 9 8 9
C o n s t *  t e r m  
1 * 7 5 0 4  x  l C f *  R *
I i o '1 
1 0 "1  j ■Y 1 * 9 8 0 1 -  5 * 1 1 7 1 -■ 5 * 2 8 8 8
•V 2 *5 io 'z 4 3 * 7 2 7 8 4 1 * 4 6 6 5 -  1 * 5 4 5 0
-  w  s h e l l I io"z -  1 0 * 6 6 1 0 - 1 0 * 6 6 1!
j E q u a t i o n  C  j l ( f z \-  1 3 * 2 7 4 9 -  1 6 * 3 3 9 7 -  1 5 * 4 3 5 9
a 4
*  1 0 . 4 1 1 5
4 2 * 2 7 4 3
+ 3 * 5 2 1 3
0
f  1 6 * 2 0 7 1
C o n s t *
3 * 4 7 1 6
- 2 1 * 8 7 6 7
0
-  0 * 6 9 3 3  
■V 0 * 2 0 3 6  
- 1 8 * 8 8 9 8
0 P e t r e l o p m e n t  o f  E q u a t i o n  D
w  s h e l l  f r o m  t a b l e  i n  s e c t i o n  J
b e a m  f r o m  a p p l i e d  t o r q u e  ( M y  4  l& i ? '  ) s i n ^  x  l b  f t / f tw
But 'gT JJ C '*** = +oiV ( M1 +^ *) S.*X*
„ - fijbeam ® [ G§j\i * %  - 2G$ A *  ?a ] Sli n  A  x
s [  -  1.56481 x 10” 6 My -  5.91202 x 10” 6 Pu ]  s in X x
54
Item Order al ag__ _ ag a4 Const$
- 1©56480 x 10“ 6 My 10'* - 2©5903 4 2©5903 4 2©2056 * 2*3963 0
I - 0 ©391202 x icr5 % |-
! o « (4 - 0 S4416 4 1©1412 4 1*1662 - 0*5072 0
0^shell 10’3 -14*9110 4 5*8660 . - 6*180 414©0850 - 2 ©7732
Equation D 10'3 -17 ©9429 4 9*4036 » 2*8082.
:415*9741 - 2*7732
P Collated Equation's
Lqtn onal &2 ag
J
a4 !Uir.______ Consto
..... f
I,..,.. J
A 3©5280 4212*649
8.....
- 42©815 -119*171 - 54©6986
|53 0
B - 5©2929 - 24©3677 t 7*8551 4 13©2684 t 8*7952
t
s  o  |
1
C -  13 ©2749 -  !6©3397 -  15*4359 4 16*2071 -  18©8898 o  0  j
I
D -  17©9429 4 9*4035 -  2*8082 4 15*9741 j- 2*7732 1o 0  }
These equations may be solved by the method of Gauss and yield the 
following roots which, when substituted back cheek to a high degree of 
accuracy©
aq a - 0 ©05678 ag o „ 0*05055 ag b « 1*19552 a4 =» - 0 ©07059 
^ Substitution of these constants in the table in Section J givess
My
Nx
Ny
Nxy
u
v
w
Pu
+ 1777 lb ft/ft
- 24©680 lb/ft
- 2373 lb/ft
- 9746 lb/ft
4 31936Hv±T'lO“3 ft
- 1079668 x I0,a2 ft 
» 0©135593 ft
4 356 lb/ft
55
3x12
A l l  w i l l  be taken  on s te e l,  in©*.. 3 No* la y e rs  62 BRC
R Survey o f R e su lts
" 1 'h/f'h £y 9746 /Shear s tre s s  9746 l b / f t  -  — ft -  s Ib /s q  in .
Bending s tre s s  Th© bending moment is  an edge d is tu rb a n ce  e f fe c t
and, as p re v io u s ly  e x p la in e d , d ie s  o u t as a s tro n g ly  damped wave©
A t 3 f t  6 in *  from  th e  th e o r e t ic a l  edge the  th ic k n e s s  is  s t i l l  
6 i n 0 and the  d is ta n c e  between meshes w i l l  be taken  as 5 in© 
T e n s ile  s tre s s  in  fa b r ic  i s  thens
H Z L t o M  m 1 5 H  s 3084 l b / f t  io 0© 2 Noe la y e rs  62 BRC
I t  should be no ted  th a t  bending s tre s s  is  maximum whore shear 
s tre s s  is  minimum and v ic e  ve rsa  -  the two induced te n s io n s  do n o t, 
th e re fo re , have to  be added*
I t  should be noted a lso  th a t  the  smooth and f a i r l y  long  
t r a n s i t io n  from  edge beam to  s h e ll  is  e s s e n t ia l in  t h is  des ign  to  
accommodate th e  lo c a l  bending moments*
Beam s tresses
Top beam By sim ple  beam th e o ry  i t  w i l l  be seen th a t  th© 
s tresses  ats
(a ) B©ai+/Shell ju n c t io n
-  -  E \ u  -  » 6 8 7  I b / s q  i n *  ( i 0e<> c o m p r e s s i v e )
(b ) Edge remote from  s h e l l
s -  E X u  -  E Xl ^ t v  -  -  140 Ib /s q  in©
56
Check The mean o f these s tre sse s  8 -  413*5 Ib /s q  i n * 
compared w ith  the  re s id u a l p re s tre s s
8 -  -  2 * *  s  -  411.5 Ib /s q  i n 0I  ( imawta II—II-Jj ■"Tntmw-itti'i .an’.M^ &Trrfn-.- ra-a^ji
C onsidering  the magnitude o f  th© c a lc u la t io n  th is  check is  
e x tre m e ly  s a t is fa c to r y *
Beam below g la z in g
S tresses »  -  t h  ± E.+  ‘g 2 '' s  .  2451 I b / s q  i n .  (oomp)irOj. X 1 r
4  853 Ib /s q  in *  ( te n s )
The com pressive s tre s s  can e a s i ly  be taken  in  th e  h ig h
!
q u a l i t y  concre te  a sso c ia te d  w ith  p re s tre ss in g ©  Th© te n s io n  w i l l  
be taken a t  t h is  stage in  m ild  s te e l,  thuss
J „  85S 5 48 . _ 12 x 12 .4  x  853 .  „  .
“  2 4 5 1  8 5 3  "  1 2 »4  i n ° A  "  ------- 2~~x ~1 8 0 0 0 ~ '~ ~  *  3 *52  i n '
6 No* J  i n 0<|>
PART I I I  
E xpe rim en ta l S tud ies
1CHAPTER 1 
CONCRETEu.i, . i»
C oncrete is  th e  name g iven  to  an in t im a te  m ix tu re  o f  cement, in e r t  
aggregate and w a te r, w it h  p o s s ib le  adm ixtures© Th© c h ie f  requ irem en t 
o f  con cre te  is  th a t  i t  should  have a c e r ta in  minimum s tre n g th  usua lly - 
de term ined by c ru sh in g  cubes o f  th e  hardened m a te r ia l,  under an a lm ost 
pure u n id i r e c t io n a l  s tre s s  systems Th© va lu e  so d e fin e d  is  c a lle d  th© 
c ru sh in g  s tre n g th  o f  th© concre te *
Th© s tre n g th  o f  con©ret© depends upon the  e x te n t to  w h ich  the  
chem ica l a c t io n  between th e  cement and th© w a te r has been com pleted and 
oxi th© d e n s ity  o f  th© hardened c o n c re te 0 Th© th re e  p r in c ip le  v a r ia b le s  
th a t  can a f fe c t  th© s tre n g th  a res -
(1 ) Age ( t im e  and tem pera tu re )
(2 ) W ater/cem ent r a t io
(3 ) Compaction
1 o2 AGE ( t im e  and tem pera tu re )
Cement i t s e l f  is  n o t a s in g le  compound b u t a m ix tu re  o f  se ve ra l 
m a te r ia ls  p r in c ip a l ly  ca lc ium  s i l ic a te s  (70 per cen t) and ca lc ium  
a lura inatea (10 to  15 pe r c e n t) *  On th© a d d it io n  o f  w a te r  h y d ro ly s is  
o f  th e  cement p a r t ic le s  proceeds i n i t i a l l y ,  fo llo w e d  by th© p r s o ip i ta t io n  
o f  s i l i c a t e  (n e g a tiv e )  iro n s  and ca lc ium  (p o s it iv e )  iro n s  to  fo rm  a 
c r y s ta l l in e  ge l w ith in  w h ich  w a te r is  more o r le s s  lo o s e ly  h e ld .  
S im i la r ly ,  th© a lum ina tes hydro 1 is©  and p r e c ip i ta te «
X.1 INTRODUCTION
2Th© p r e c ip i ta t io n  o f  th e  g e l is  th e  a c tio n  w h ich  produces th e  
harden ing  and th e re fo r©  the  s tre n g th  o f  th e  cement paste * The speed 
o f  th© two processes o f  h y d ro ly s is  and p r e c ip i ta t io n  v a ry  f o r  
d i f f e r e n t  compounds, t r i - c a lc iu m  s i l i c a t e ,  d i-c a lc iu m  s i l i c a t e ,  © tc* 
The ra te  o f  grow th o f  s tre n g th  is  th e re fo r©  n o t e a s i ly  p re d ic ta b le ,  
n o r indeed th© e f fe c t  upon i t  o f  tem pera tu re  change, from  th e o re t ic a l  
c o n s id e ra tio n , b u t may be determ ined e x p e r im e n ta lly  f o r  any p a r t ic u la r  
cement© The gene ra l form  o f the  ra t©  o f  ga in  o f  s tre n g th  is  seen in  
F ig  1*
F ig  1
The e f fe c t  o f a ohaig© o f  tem pera tu re  on th© ra t©  o f ga in  o f  
s tre n g th  is  shown in  F ig  2*
3Llo
A G E  IN DAYS
F ig  2
1*3 WATER/CBWSNT RATIO
The fa c t  th a t  th e  w a te r/cem ent r a t io  had a co n s id e ra b le  e f fe c t
(39)upon th e  s tre n g th  was f i r s t  suggested by Z ie l in s k i  "  in  1909 and 
was p u t in  i t s  w e ll-know n  form  by D A Abrams^ in  1918*
R ece n tly , some doubt has been east upon the  p o s s ib i l i t y  o f 
d e f in in g  th e  w ate r/cem ent r a t io ,  s ince  bo th  a b s o rp tio n  and a d s o rp tio n  
o f  w a te r by  th e  aggregate w i l l  a f fe c t  th e  fre e  w a te r wh. ic h  is  
a v a ila b le  to  take  p a r t  in  th e  re a c tio n  w ith  th© qament® I f  d ry
aggregates ar© used then th e  on© w h ich  reduces th© w ate r/cem ent r a t io  
most may in c re a se  th© s tre n g th  o f th e  concre te  d e s p ite  the  f a c t  th a t  
i t  is  n o t p o s s ib le  to  compact th e  concre te  so w e l l  and th© aggregate 
i s  noty in  i t s e l f ,  so strong®
4W A T E R - C E M E N T  R A T IO  BY W E I G H T
F ig  3
I t  is  to  be no ted  here th a t  the  crash ing  s tre n g th  o f th® 
aggregate has been found v e ry  r e c e n t ly  to  hav© some a f fe c t  upon th e  
concre te  s tre n g th , p a r t i c u la r ly  f o r  th© h ig h e r s tre n g th  mixes© Th is  
is  in d ic a te d  by F ig  4®
F ig  4
5Some va lu es  f o r  these  e f fe c ts  are  shown by  th e  two curves o f  
F ig  5, where th e  s tre n g th s  o f  m ixes o f  s im ila r  p ro p o rtio n s  are 
p lo t te d  fo r v a ry in g  w ate r/cem ent r a t io s  f o r  n a tu ra l g ra v e l and 
crushed ro ck  aggregates*
water cement ratio
F ig  5
1*4 COMPACTION
Th© s tre n g th  o f  hardened co n c re te  is  c r i t i c a l l y  dependent upon 
com paction, as may b© seen from  F ig  6*
PERCENTAGE CONSOLIDATION
Fig 6
6The compaction o f  th© concre te  w i l l  depend upon the  ease w ith  
w h ich  the  concre te  may be p laced  in  th e  forms© The p ro p e r ty  o f  
concre te  w h ich  d e scribes  t h is  is  c a lle d  W o r k a b i l i t y ”  end shou ld  
r e a l l y  b© a measure o f  th© amount o f  to r k  re q u ire d  f u l l y  to  compact 
the fre s h  concreteo  So f a r  as is  known, th© o n ly  w ork  w h ich  has 
been c a r r ie d  o u t to  t h is  ©nd has beon done by Ramai&h^2^  by 
compacting th© concre te  on an e le c t r ic a l  v ib r a t in g  ta b l© * Many- 
a l te r n a t iv e  e m p ir ic a l methods e x is t ,  th e  on© w h ich  is  perhaps b e s t 
loiovm b e ing  th© ”  slump con©” 0 Th© re ce n t use o f v ib r a t io n  f o r  
compaction and a des ir©  fo r  h ig h e r s tre n g th  concre te  has mad© i t  
necessary to  dev ise  som© method o f  measuring v a r ia t io n s  in  w ork­
a b i l i t y  in  th e  re g io n  o f  a ”no slump”  concrete  m ix* The most 
conven ien t la b o ra to ry  t o o l  to  do t h is  is  th e  compacting fa c to r  
apparatus (F ig  7) developed by C o ll in s  0
E s s e n t ia l ly  t h is  c o n s is ts  o f  two hoppers and a c y l in d e r  v e r t i c a l l y  
above on© m o th e r*  Th© concre te  is  p laced  in  th© to p  hopper and 
a llow ed  to  f a l l  in to  th© s l i g h t l y  sm a lle r second hopper when th e  human 
elem ent o f  p la c in g  i t  in  the  to p  hopper is  la r g e ly  ©min in  a t  ©cU I t  is  
then  a llow ed  to  f a l l  from  th© second hopper to  the  c y l in d e r  when a f ix e d  
amount o f  w o rk  is  don© on i t  by lo s s  o f  i t s  p o te n t ia l  energy* A 
measure o f  th© amount o f  co ncre te  so p laced  in to  th© c y l in d e r  compared 
w ith  th© maximum amount o f  concre te  w h ich  aan be p laced  in  the  c y l in d e r  
in  a f u l l y  compacted s ta te  g iv e s  a f ig u r e  f o r  th e  w o r k a b i l i t y ,  u s u a lly  
expressed o c * f *  1* Th© more n e a r ly  is  t h is  f ig u r e  equal to  
u n i t y ,  th© more w orkab le  is  th© m ix0
ILINE DIAGRAM OF THE C D M  PACT IN G
! F A C T O R  APPARATUS&
F i g  7
The s tanda rd  d e v ia t io n  o b ta in e d  in  the  re s u lts  o f  b o th  w ork ­
a b i l i t y  ond c ru sh in g  s tre n g th  w i l l  fo rm  a measure o f  the  degree o f  
q u a l i t y  c o n tro l o b ta ined  in  the  concre te  making* Th© v a r io u s  
p ro p e r t ie s  o f  th e  concre tes used in  th e  experim ents de scribed  in  
Chapters 3 and 4 are g iven  in  Tables 1 and 2 and h is togram s o f  th© 
d is t r ib u t io n  o f  w o r k a b i l i t y  and c ru sh in g  s tre n g th  ar© shown in  
F ig s  8 -  11 *
1*5 CONCRETE FOR SHELL ROOF TESTS
( a) L a b o ra to ry  Procedure
A l l  th© concre te  was mad© from  d ry  aggregates vh ic h  were f i r s t  
s ieved in to  th© s ta n d a rd  s izes  and re-com bined to  g ive  th e  re q u ire d  
g ra d in g . A l l  th© cement used f o r  any one s e t o f  experim ents was 
b lended, th a t  is  m ixed up, to  reduce any p o s s ib le  v a r ia t io n  due to  
the  cement©
The concre te  was mixed f o r  on© m inute  d ry  and two m inutes w et in  
a pan mixer© A l l  te s t  cubes were v ib ra te d  in  two la y e rs  f o r  one 
m inu te  per la y e r  and cur&d in  100 p e r cen t h u m id ity  f o r  24 hours and 
in  w a te r, u n t i l  t e s t in g  in  a w et cond ition©  A l l  th© o p e ra tio n s  o f 
m ix in g , cu rin g  and c ru sh in g  were c a r r ie d  out a t abou t 64°F©
(b )  The S h e ll
Th© concre te  re q u ire d  f o r  s h e ll  ro o fs  has ra th e r  s j^e c ia l q u a l i t ie s  
in  th a t  is  has to  b© p la ce d  In  a la y e r  about 2^ in© th ic k  a t  
in c l in a t io n s  o f  up to  30° and around re in forcem ent©  Top s h u tte rs  
a re  n o t g e n e ra l ly  used and th e re fo re  v ib ra t io n  is  n o t s u ita b le *  In  
o rd e r to  o b ta in  some idea  o f  th e  m ixes w hich ar© used in  p ra c t ic e ,  
some s h e ll  ro o f  c o n tra c ts  were viewed from  w h ich  i t  appeared th a t  th© 
most s u ita b le  mixes f o r  minimum s tre n g th  requ irem ents o f  3,000 lb  i n * " 2 
and 5,000 lb  i n Q^  a t  28 days f o r  l i g h t l y  and h e a v i ly  re in fo rc e d  ro o fs  
wore as fo l lo w s : -
Average S tre n g th  3,000 lb  in "  % a t 28 days
Using §  in© maximum sis© g ra v e l aggregate w ith  between 40-50 pe r oenb 
pass ing  3 / l6  in© sieve©
9For L i gh t R e in fo rcem ent
Slump a p p ro x im a te ly  *§" in© -  i j  in *
Cement/aggregate r a t io  1 s 6*0 by weight©
P ro p o rtio n s  I s  2J- s 3 i  by  w e ig h t o f  cement, s and and coarse 
aggregate f o r  d ry  m a te ria ls©
W ater/cem ent r a t io  0 o65 by w e ig h t (maximum to  g iv e  0 o? o f  the  
req id  red s tre n g th  *
A p p io x im a te ly  1 bag s 300 lb  s 375 lb  f o r  d ry  m a te r ia ls ,
7^ g a llo n s  o f  w a te r*
For Heavy R einforcem ent
Slump a p p ro x im a te ly  -Jr in© -  2 i n 9
Cement/aggregat© r a t io  1 s 5J- by w e igh ts
P ro p o rtio n s  1 s 2^ s 3 by w e ig h t o f  cement5 send and coarse
aggregate f o r  d ry  m a te r ia ls .
W ater/cem ent r a t io  1 s 6 e0 by weight®
A p p rox im a te ly  1 bag s 275 lb  s 350 lb  f o r  d ry  m a te r ia ls .
Average S tre n g th  5,000 lb  in t i * '  a t  28 days
Using f- in® maximum s ia s  g ra v e l aggregate and between 40 « 50 
pe r c e n t pass ing  3 / l6  in *  sieve©
For  L ig h t  R ein fo rosm ant
Slump a p p ro x im a te ly  ■§' in© -  1-|- in©
Cement/aggregate r a t io  1 s 4-|- by weight®
P ro p o rtio n s  1 s 2 § 2-Jr by w e ig h t o f  cement, sand and e oar so
aggregate f o r  d ry  m a te r ia ls  ©
W ater/cem ent r a t io  0 o50 by  w e ig h t*
A p p ro x im a te ly  1 bag 2 225 lb  s 280 lb  f o r  d ry  m a te r ia ls ,
5*6 g a llo n s  o f  w a te r*
Slump a p p ro x im a te ly  in«  -  2 in®*
Cement/aggregate r a t io  1 § 4 b y  w e ig h t*  ,
P ro p o rtio n s  1 % 1*8 § 2*2 b y  w e ig h t o f cement, sand and coarse 
aggregate fo r  d ry  m a te r ia ls o
W ater/cement r a t io  0 o60 by  w e ig h t*
A p p rox im a te ly  1 bag. : 200 lb  s 245 lb  f o r  d ry  m a te r ia ls ,
5 06 g a llo n s  o f  w a te r*
The a c tu a l m ix chosen f o r  th e  p r in c ip a l  te s ts  o f th e  F o isso n 's
^ g
r a t io  e f fe c ts  resembles the  heavy re in fo rce m e n t m ix f o r  5*000 lb  in * ”  
a t  28 days m entioned above® The a c tu a l s p e c if ic a t io n  f o r  t h is  m ix 
is  shown in  Table 1 and th e  s tre n g th s  and com pacting fa c to rs  ob ta in e d  
from  th e  v a r io u s  batches are shown in  F igs  8 and 9*
TABLE 1
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For Heavy R einforcem ent
Sis© 1 -3 /1 6 3 /16 -7 7-14 14-25 25-52 52-100
pe r cen t by w e ig h t 55 15 0 5 20 5
W a te r /c o n e  n t  r a t io  (b y  w e ig h t) 0 oS25
Aggregate/cem ent r a t io  (b y  w e ig h t) 4 * 5
1 4  day Average s tre n g th  ) (3890 lb  i n / 2
) (F ig  8) ( ? ( o *2 per ce n t)
S tandard d e v ia t io n  ) ( 1 2 5  l b  in *
Average compacting fa c to r ) (F ig  9) (0*900
) ( ( 0 o9 p e r ce n t)
S tandard d e v ia t io n  ) ( 0 o008
Average slump Lp in  ©
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F ig u re  9
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( e) The Edge Beams
The concre te  re q u ire d  in  deep edge beams is  d i f f e r e n t  from  th a t  
d e sc rib e d  above s in ce  v ib r a t io n  may be used fo r  compaction© In  th© 
exps ilm e n ta l w o rk  on edge beans sm a ll sca le  specimens were ussd 
w h ich  mad€) i t  necessary to  use a sm a ll maximum s ize  o f  aggregate to  
enable i t  to  bo compacted around re in fo rce m e n t w h ich  was a sm all 
d is ta n c e  apart© Th© m ix used had a m a x im u m  s ize  o f  3/16 in .
V ery l i t t l e  was known about th e  e f fe c t  o f  m ix p ro p o rtio n s  upon 
th e  com paction by v ib r a t io n  o f  such concretes and some p re lim in a ry  
experim ents were th e re fo re  c a r r ie d  out© I t  was found th a t  th© 
(»m paoting fa c to r  apparatus was n o t so u s e fu l f o r  t h is  concre te  s ince  
i t  tended to  g e t h e ld  up in  th© cones , th e re fo r©  the w o r k a b i l i t ie s  
o f  the t r i a l  mixes wore compared by the  tim e  re q u ire d  to  produce 
compaction in  a cube mould© The i n i t i a l  t r i a l s  were made w ith  
aggregate/cone n t  r a t io s  o f  3 ©5 and w ate r/cem ent r a t io s  o f  0©45© The 
most s u ita b le  m ix was found to  be somewhat le a n e r and th e re fo re  
re q u ire d  more water©
The a c tu a l s p e c if ic a t io n  f o r  th© m ix is  shown in  Table 2 and 
th e  s tre n g th s  and compacting fa c to rs  o b ta ined  from  th© v a rio u s  
batches are shown in  F ig s  10 and 11©
TABLE 2
Si2© 3/16=7 7-14 14-25 25-52
per eent by w e ig h t 59 7 9 18
52=100
7
12
W ater/cem ent r a t io  (b y  w e ig h t)  0 o51
Aggregate/cem ent r a t io  (b y  w e ig h t) 4*0
14 day Average s tre n g th  ) (5025 lb  in < /2
) (F ig  10) ( (2 *5  p e r ce n t)
Standard d e v ia t io n  ) ( 200 lb  in©*3^
Average compacting fa c to r )  (Q&85
) (F ig  11) ( (3©4 p e r cen t)
Standard d e v ia t io n  ) (0*025
      , .....T ,   -T- . ,——T T « r r- r——■■ ■,— —, ,—
4  5  4 6  4 7  4  0  4 9  5 0  51 5 2  5 3  5 4  5 5  5 6
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CHAPTER 2
2 o! GENERAL
The th e o ry  and d e s c r ip t io n  of* th© v a rio u s  s p e c ia l p ieces o f  
apparatus used in  th© exp e rim e n ta l p a r t  o f t h is  vd r k  ar© in c lu d e d  
in  a Chapter by themselves© T h is  is  done in  o rd e r to  avo id  
con fu s io n  between th© th e o ry  o f  th© o p e ra tio n  o f  th© in s tru m e n t 
o r apparatus mid the th e o r ie s  o f  th e  phenomenon being in v e s t ig a te d *
2*2* THE POISSQIUS RATIO GAUGES
Th© purpose o f  a m echanical s t r a in  gauge is  to  measure the  
r e la t iv e  d isp lacem en t between tv© bodies o r p a rts  o f  a s in g le  bodyc 
Each mechanism is  re q u ire d  to  measure one d isp lacem ent and as f a r  
as p o s s ib le  to  be u n a ffe c te d  by any o th e r d isp lacem ento That is  
to  say th© m easuring p a r t  o f th e  in s tru m e n t is  re q u ire d  to  respond 
o n ly  to  one o u t o f  s ix  degrees o f freedomo
In  g e n e ra l, i t  i s  n o t always p o ss ib le  e n t i r e ly  to  e lim in a te  
th e  e f fe c ts  o f  o th e r d isp lacem ents b u t i t  is  u s u a l ly  p o s s ib le  to  
ensure th a t  th e y  occur o n ly  as second o rde r e f fe c ts  * The in s tru m e n t 
be ing a tta ch e d  to  th e  body o r bodies must in c lu d e  the  s ix  degrees 
o f  freedom , o the rw ise  d u r in g  d e fo rm a tio n  the  in s tru m e n t may become 
detached from  i t s  m easuring p o in ts  o r  in t e r n a l ly  d is to r te d *
Th is  requ irem en t is  n o t always easy to  f u l f i l  b u t i t  i s  u s u a l ly  
p o s s ib le  to  e lim in a te  th e  w o rs t e f fe c ts  * Care shou ld , however, be 
taken  to  p ro v id e  f u l l  freedom  where p o ss ib le  and i t  is  to  be noted
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The s im p le s t m aohanical in s tru m e n t is  p ro b a b ly  th a t  vh ic h  
tra n s fo rm s  lo n g itu d in a l  m otions in to  ro ta t io n s  o f  a m ir r o r ; th© 
common m ir ro r  extensom eter* In  a fo rm  fre q u e n t ly  produced 
(F ig u re  l )  th e  in s tru m e n t is  p ro v id e d  w ith  o n ly  th re e  degrees o f  
freedom  and is ,  th e re fo re ,  l i k e l y  to  become d is to r te d  o r  s l ip  a t  
i t s  measuring p o in ts  cU ring  use*
t h a t  many commercial in s tru m e n ts  f a l l  in  t h i s  re sp ec t*
F ig u re  1
T h e o re t ic a l ly  i t  i s  q u ite  easy to  design an in s tru m e n t w hich  
pe rm its  o f the re q u ire d  s ix  degrees o f  freedom and one fo rm  is  shown 
in  F igu re  2* However, the  s e n s i t i v i t y  o f th e  in s tm m e n t is  n o t 
r e s t r ic te d  to  lo n g itu d in a l movements a lone sine© o th e r m otions w i l l  
cause m ir ro r  ro ta t io n s *  These e f fe c ts  w i l l ,  however, occur o n ly  
to  a second order*.
15
F ig u re  2
The v e r t ic a l  s t r a in  ©xtensom eter designed f o r  th e  P o isso n 's  
r a t io  te s ts  was co n s tru c te d  w ith  e s a e t ly  the  seme system o f k n ife  
edges as the  suggested fo rm  o f  F igu re  2, b u t in s te a d  o f r o ta t io n  
be ing  d i r e c t l y  made a measure o f  the  d e fo rm a tio n , th e  l in e a r  
movement between the  two frames is  used* The correspondence 
between the  two arrangem ents i s  seen by re fe re nce  to  F igu re  3, 
where the p a r ts  have been numbered as in  F ig u re  2*
Figure 3


Th© ge ne ra l arrangement draw ing o f  th© v e r t ic a l  s t r a in  
extensom eter is  shown in  F ig u re  4*
Th© la t e r a l  s t ra in  ©xtensoraeter o f  the  Poisson*s r a t io  te s ts  
a ls o  a llow s  o f  s ix  degrees o f  freedom p lu s  a r b i t r a r y  r o ta t io n  o f  
the  in s tru m e n t as a whole about the  a x is  o f  i t s  co n ta c ts  A and 
B, F igu re  5* A s u b s id ia ry  su p p o rtin g  frame w hich  a lso  c a r r ie d  th© 
dead w e ig h t was used to  r e s t r i c t  gene ra l r o ta t io n  o f  the body o f  
th e  in s tru m e n t, th© m otion  between th© two be ing by si id  in  go Th© 
s l id e  c o n ta c t between the  main in s tru m e n t and su p p o rtin g  frame d id  
n o t appear to  cause e r ro rs  in  th© readingso
2o3 THE TORSION APPARATUS
The requ irem en t f o r  te s t in g  the  edge beams is  th a t  o f  p ro v id in g  
a c o n d it io n  o f  pur© to rs io n  and o f  d e te rm in in g  th e  axes about w h ich  
the beams d is t o r t *  F ig u re  6 shows the  method adopted, th e  beam 
o a n tile v e re d  from  a chuck and a to rq u e  a p p lie d  a t  th e  fre e  end by 
equal and op p o s ite  fo rc e s  a t  th e  ends o f  to rs io n  arms* The fo rc e s  
ar© p rov ide d  by s te e l tapes w h ich  pass over p u lle y s  to  th e  ends o f  
a h o r iz o n ta l beam a t  th e  ce n tre  o f  w h ich  is  a ttached  a bucket*
Loads are a p p lie d  by t ip p in g  in to  th e  bucket predeterm ined w e ig h ts  
o f  sm a ll le a d  shot* Lead sho t was adopted to  reduce the  lo a d in g  
im pact and y e t enable th e  re q u ire d  lo a d  o f some 40 lb  to  be 
accommodated in  a r e la t iv e ly  sm a ll bucke t* I t  was found necessary 
to  damp the bucket m otion by a tta c h in g  to  i t  a number o f vanes w hich  
were submerged in  a ta n k  c o n ta in in g  heavy gear o i l *
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Th© measurement o f  th© d is t o r t io n  o f  th© bean was c a r r ie d  o u t 
us in g  r o l l e r  supported  m ir ro rs  a ttache d  a t  th© top  and bottom  o f  
the  beam (F ig u re  7 ) ,  th© m ir ro r  ro ta t io n s  be ing  a measure o f  th© 
movement *
F ig u re  7
The ro l le r - s u p p o r t in g  arm systen a llow s  o f fo u r  degrees o f  
freedom between i t s  a ttachm ent and th e  beam* Movements in  the  
di r e c t i  on o f  the  le n g th  o f  th© beam and ro ta t io n s  about a 
v e r t ic a l  a x is  cannot be accommodated w ith in  the  co n n e c tio n 0 The 
r o ta t io n  o f  th© m ir ro rs  was measured us ing  a te lescope  and sca le  
system w hich may be seen in  F ig u re  8*
In  s p ite  o f th© care taken to  ensure th a t  o n ly  a pure to rque
t
was a p p lie d  to  th© beam, i t  was found th a t  a sm a ll d if fe re n c e  
e x is te d  between the tape  fo rc e s  a t  h ig h  loads due, no doub t, to  
unequal f r i c t i o n  in ' th e  b a l l  races o f  th© p u lle y s *
F ig u re  8
U n fo r tu n a te ly  the  te s t  is  h ig h ly  s e n s it iv e  to  sm a ll sideways load  
and i t  was found necessary to  o b ta in  a measure o f  th is  lo a d . Th is 
was done by in c lu d in g  a - th ird  p a ir  o f  m ir ro rs  from  * h ic h  the  
h o r iz o n ta l c u rva tu re  o f  the  beam co u ld  be de te rm ined . In  fa c t ,  
th e re  are a number o f extraneous e f fe c ts  a c tin g  on th e  beam w hich 
a lso  g iv e  r is e  to  m ir ro r  ro ta t io n s  and these have to  be al lowed f o r  
and removed from  the  observed ro ta t io n s  in  o rd e r to  o b ta in  the  
c o r re c t va lue  fo r  th e  h e ig h t o f  the  ce n tre  o f  t w is t .
D isp lacem ent a t  any cross se c tio n  can be a sso c ia te d  w ith  f i v e  
d is t in c t  m o tions, these are c la s s i f ie d  under two head ings .
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a) R ig id  Body D isp lacem ent:
(1 ) R o ta tio n  o f the  bean about a lo n g itu d in a l a x is
( 2) L a te ra l movement o f beam p a r a l le l  to  i t s  
o r ig in a l  l in e
( 5) R o ta tio n  in  the  h o r iz o n ta l p lane about th© p o in t  
o f  f i x i t y *
b) E la s t ic  Body D isplacem ents
(4) T o rs ion
( 5) L a te ra l f le x u re *
I t  w ou ld  be a s im ple  m a tte r to  remove the  e f fe c t  o f  ( l ) s bu t
( 2 ) ,  (3 ) and (5 ) p re sen t a g re a te r  problem * They are p re sen t as 
a r e s u lt  o f a d e f ic ie n c y  in  the f i x in g  a c t io n  a t  th© chuck and 
a lso  as a r e s u lt  o f the to rs io n  be ing  accompanied by a tra n s v e rs e  
lo a d * This load  is  p re sen t s in ce  i t  is  n o t p o s s ib le  to  male© the  
loads in  the  two branches o f s te e l s t r ip  equal * The e r r o r  is  o n ly  
a few ounces when th e  loa d  in  th e  bucket is  30 to  40 lb  b u t th©
beam assembly is  v e ry  s e n s it iv e  to  even th is  sm a ll lo a d  and ro ta t io n s  
oaused by i t  mask those caused by to rs io n *
By co n s id e rin g  the  c o n tr ib u t io n  o f  these d isp lacem ents in  
g re a te r  d e ta i l  a method whereby the  to rs io n a l d isp lacem ents (4 )  may 
be a b s tra c te d  can be evo lved*
F ig u re  9!' shows th e  beam f ix e d  in  p o s it io n  a t  B, w ith  the  to rq ue  
a p p lie d  a t  A* S, s Sj, and S3 are th e  se c tio n s  a t  w h ich  th© 
m ir ro rs  are f ix e d *
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D isplacem ent ( l )
Th is w i l l  bo co n s ta n t over th e  w hole le n g th  o f  the  beam* I f
d- is  th e  angle  o f r o ta t io n  the  d isp lacem ent o f  the  to p  and
j
bottom  o f any s e c tio n  w i l l  be + g cc , where dl is  t h e  depth o f 
the  beam* The p o s it iv e  s ign  s ig n i f ie s  th a t  the movement is  in  
the  same d ir e c t io n  as th a t  caused by pure to rs io n *
,s placement
L a te ra l movement -  same a t a l l  s e c tio n s *  L e t t h is  be A 
I f  we assume th a t  the  tra n sve rse  fo rc e  Is  in  the  to p  ta p e , io®< 
to  the  r ig h t  i f  the  bean in  F igu re  9 is  viewed from  the  f re e  
end, then th© to p  d isp lacem en t w i l l  b© +  A  and th© bottom  d is° 
p lacem ent -  A  0
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This  d isp lacem ent w i l l  v a ry  as the  d is ta n ce  from  the  f ix e d  end* 
I f  the  ang le  th rough  vh ic h  the  beam moves is  £ , th e  d isp lacem ent 
a t  a s e c tio n  d is ta n ce  Iv  w i l l  b© + txf i  a t  the  to p  and -
a t  th© bottom *
D isp lacem ent (4 )
This d isp lacem ent a lso  w i l l  be p ro p o r t io n a l to  the  d is ta n c e  
from  the  f ix e d  endo A t the  to p  o f  a s e c tio n  d is ta n c e  i t
w i l l  be+ f  ‘ x  and a t  the bottom  + % ^  , th  ere % is
the  h e ig h t o f  th e  c e n tre  o f  tw is t ,  T is  the  to rq u e , and § th e  
to r s io n a l r i g i d i t y *
D isp lacem ent (5 )
The tra n sve rse  f le x u re  causes d isp lacem ent a t  a d is ta n c e  from  
P t  — t v )
the  f ix e d  end o f -----%B1— ~— “ — s where V  is  the tra n sve rse
fo rc e , t  is  th e  le n g th  o f  th e  beam p ro je c t in g  from  the  chuck, 
and E l is  the f le x u r a l  r i g i d i t y *  The s igns  w i l l  aga in  be 
p o s it iv e  a t  th e  to p  and n e g a tive  a t  the  bottom  o f m y  s e c tio n *
I t  is  now p o s s ib le  to  o b ta in  an exp ress ion  f o r  th e  d isp lacem en t 
a t  any s e c tio n  as a sum o f  these  separate  d isp lacem en ts*
L e t the  s e c tio n  cons ide red  by a t  a d is ta n ce  t *  from  the  
chuck*
Them tS *  “  D isp lacem ent a t  to p  o f  se c tio n
bSrc o D isp lacem ent a t  bottom  o f se c tio n
D isplacem ent (g)
a n d tS * *  f . d  ♦ ( d - D  } • L  + U )  3
andbS* "  “  . <* + % ^  . t x  -  I  A  + tx f i  + g f l  ' * *  C3£ -  * * )  3
There fo re
tSa-  ts, „  <*.*>. I . (< t . i,)+pCfe - ( . )  *  £  { Q O t -  £,)- r,1 ( v - r , ) } 2o1
A lso
t $ x  -  J>5*  — ( ^ * 2 ? )  $ • f* .  + 2 [  A  + ^ p  + . ^ (*5 ^  -  t f t )  ]  2*2
Using th e  exp ress ion  2*2 a t  the  p o in ts  1 , 2 and 3 enables a
s o lu t io n  to , b© ob ta ined  f o r
jr _ 1 (ts-t.)[tSi-bs,-Qs,-bs,)J - (?,-£,)f?s5 -t,s3-cts. -bMl
2*3
I t  now remains to  o b ta in  a va lu e  f o r  (3 , the  r o ta t io n  o f
th e  beam in  a h o r iz o n ta l p lane about the  p o in t  o f  f i x i t y *
VA re la t io n s h ip  may be ob ta in e d  between and p by c a rry in g
o u t a s u b s id ia ry  te s t  in  w h ich  a sm a ll load  V  is  a p p lie d  to  
one lo a d in g  tape  o n ly *  The to r s io n a l e f fe c t  is  c a lc u la te d  to  be
q u it©  s m a ll, as th e  lo a d in g  in  a m a tte r o f  a few ounces, and may bo
n e g le c te d * Thus a graph may be p lo t te d  o f  ft  a g a in s t •
22
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Now c o n s id e rin g  th e  te s t  p ro p e r, a va lue  o f may be 
o b ta in ed  from  e qua tio n  2*3 and by re fe re nce  to  th e  s u b s id ia ry  te s t  
the  co rrespond ing  va lu e  o f  (3 is  o b ta in e d *
S u b s t itu t in g  these two va lues  in  equa tion  2 d  g ive s  a va lue
/J _ t) %
f o r  . said s u b s t i tu t io n  in  equa tion  2*1 g ives  a v a lu e  fo r
Ji - I
Thus a va lu e  is  o b ta in e d  f o r  — —  and hence th e  h e ig h t o f
S
the  c e n tre  o f tw is t ,  ?  , is  given©
Thus the  e r ro rs  caused by th e  d e f ic ie n c ie s  o f  the  te s t
equipment are  removed and th e  h e ig h t o f the ce n tre  o f tw is t
ob ta ined  fxom th e  re s u lts  o f  two sim ple  tests©
23
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CHAPTER 5 
P olsson*s R a tio  T ests
In  th e  th e o re t ic a l a n a ly s is  o f  s h e ll  ro o fs  developed in  P a rt 1 
o f  t h is  w ork i t  was shown th a t  a knowledge o f th e  P o isso n 's  r a t io  
o f  the  m a te r ia l o f th e  s h e l l  is  necessa ry  f o r  a d e te rm in a tio n  o f  
th e  s tre s s  system* A lth oug h  th e  va lue  o f  Poisson® s r a t io  is  
f re q u e n t ly  taken  to  be ze ro , s in ce  i t s  va lu e  is  s m a ll, no r e l ia b le  
in fo rm a t io n  appears to  e x is t  f o r  concre te  o f th e  k in d  used in  s h e ll  
ro o fs  and the  a u th o r cou ld  f in d  no in fo rm a tio n  a t  a l l  oo noern ing  
the  e f fe c t  o f  re in fo rce m e n t upon the  e f fe c t iv e  o r  o v e ra l l  Poisson®a 
r a t io  o f concrete  membranes*
E xperim en ta l w ork  was th e re fo re  c a r r ie d  o u t to  o b ta in  th© 
re q u ire d  in fo rm a tio n  in  a few cases m d  a s im ple  a n a ly s is  was 
developed w h ich  g ives  a phenom enological idea  o f the  a c t io n  o f  a 
re in fo rc e d  membrane w h ich  p ro v id e s  re s u lts  ap prox im a ting  c lo s e ly  
to  those o b ta in e d  e x p e r im e n ta lly *
3*2 METHOD
Concrete b lo c k s , 9 in *  x  9 in *  x  2-g- in *  were c a s t re p re s e n tin g  
a sm a ll element o f  a f u l l  s ca le  s h e ll  ro o f  in  w h ich  v a r io u s  degrees 
o f  re in fo rce m e n t had been p ro v id e d * The b locks were loaded on one 
p a ir  o f  9 in *  x  2|r in *  faces  and s p e c ia l extensom eters used to  
measure s tra in s  in  two d ire c t io n s *  The p a r t ic u la r s  o f the  concre te
3*1 INTRODUCTION
from  w h ich  the  b locks were o a s t have been m entioned in  C hapter 1 
and th e  extensom eters have been d iscussed  in  d e ta i l  in  Chapter 2 .
In  o rd e r to  o b ta in  a u n ifo rm  s tre s s  d is t r ib u t io n  across the  
lo a d in g  faces o f th e  b lo c k s , some care was taken to  ensure th a t  
th e y  were f l a t  and p a r a l le l .
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Figure 1 '
The mould f o r  th e  b locks  (F ig u re  l )  was c o n s tru c te d  in  two 
p a rts  w ith  a heavy o u ts id e  framework a ttached  to  the  base p la te  
and an a c c u ra te ly  machined s e t o f  s te e l s ide  p la te s  to  fo rm  the  
lo a d in g  and measuring fa ce s* These la t t e r  were lo c a te d  to g e th e rI
by dowel p in s  and p o s it io n e d  w i t h in  the  o u ts id e  frame by a d ju s ta b le  
screws vh ic h  enabled the  mould to  be se t square and a lso  seated 
the  s ide  p la te s  a g a in s t th e  base p la te  to  e lim in a te  b le e d in g  o f 
the  co n c re te *
Some 30 b locks  were c a s t be fo re  the  te s t  s e t in  o rd e r to  
develop the te s t in g  te ch n iq u e , to  d is c o v e r the  s e n s i t iv i t y  o f  the  
ins tru m e n ts  and the  b es t way to  reduce v a r ia t io n  o f  the concre te *
Three types o f  b lo ck  were c a s t, one se t w ith  no re in fo rc e m e n t, 
one s e t w ith  s ix  bars in  one d ir e c t io n  o n ly  (norm al to  the  d ir e c t io n  
o f  lo a d in g ) and one se t w ith  12 b a rs , s ix  runn ing  in  each d ir e c t io n ,  
(F ig u re  2 ) .
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Figure 2
The bar s ize s  used were -J- in * ,  §  in *  and -J- i n 0 In  the  oa.se 
o f  the  u n re in fo rc e d  b locks  com paction was c a r r ie d  o u t by v ib r a t io n  
and hand tamping on d i f f e r e n t  b lo c k s , w h i ls t  in  th e  case o f  the  
re in fo rc e d  b lo c k s , o n ly  hand co m paction was used©
A f te r  c a s tin g , th e  mould was p laced  in  a m o is t cupboard f o r  
24 hours when i t  was s tr ip p e d  and th e  b locks p laced  in  the c u rin g  
ta n k  a t  about 64°F© Three 4 in ,  cubes were c a s t w ith  each b lo ck  
to  p ro v id e  a measure o f c o n tro l (see Chapter l)©  A f te r  12 days 
in  th e  c u r in g  ta n k  th e  b locks  were removed and a llow ed  to  d ry  out© 
D uring  the  d ry in g  o u t p e r io d  sm a ll p ieces o f l / l 6  in© a lum inium  
sheet were s tu c k  to  the  b locks to  p ro v id e  a s e a tin g  f o r  the  gauge 
p o in ts  o f  th e  d ir e c t  s t r a in  extensoraetero A d ir e c t  s t r a in  
©xtensom eter, hav ing  a gauge le n g th  o f  ?•§■ in© was a ttaohed  c e n t r a l ly  
on the  b lo ck  and th e  two la t e r a l  s t r a in  extensom eters, which worked 
o f f  the  two 9 i n 0 x  2^- in© v e r t ic a l  fa c e s , were p laced  s y m m e tr ic a lly  
a t 3 in© apart© The arrangement o f  th e  extensom eters on a b lo c k  
13 shown in  F ig u re  3©
The b lo c k  was te s te d ,14 days a f t e r  c a s t in g , in  a te s t in g  
machine w ith  9 in© square hardened s te e l p la te n s , the upper p la te n  
being p ro v id e d  w ith  a s p h e r ic a l se a tin g  cen tred  on th e  p la te n  face© 
Loading was a p p lie d  in  increm ents o f  2500 lb  a t  a p p ro x im a te ly  two 
increm ents a m inute when s t r a in  read ings were taken© The b locks  
were loaded to  a maximum o f  about 7Q*,000 lb  a f t e r  w h ich  th e y  were 
re s to re d  in  the  c u r in g  ta nk  u n t i l  th re e  months o ld  and aga in  te s te d , 
t h is  tim e to  a lo a d  o f about 100,000 lb©
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F ig u re  3
3 .3  THEORY
I t  is  assumed th a t  th e  re in fo rc e m e n t is  bonded o n ly  a t  i t s  
ends and th a t  i t s  own P o isson*s r a t io  e f fe o t  may be ig n o re d . In  
making t h is  assum ption th e  s te e l and concre te  may be cons ide red  as 
e x te r n a l ly  connected system s, the  s te e l in  e f fe c t  a c t in g  as 
re s t r a in in g  s p r in g s . The b lo ck  may th e re fo re  be cons ide red  as 
shown in  F ig u re  4 .
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 £=!*- K
F ig u re  4
Suppose a s tre s s  system is  a p p lie d  to  the  fa ce s 9 x  °  a constant^ 
o f  the  b lo c k , w h ich  produces u n ifo rm  s tra in s  e xx and eyy in  th© 
b lo ck  system*
The v e r t i c a l  s te e l w i l l  be s tre s s e d  by an amount
xx ^ ~ Es exx
r e s u lt in g  in  a t o t a l  s te e l fo rc e
^5 exx
The h o r iz o n ta l s te e l w i l l  be s tre sse d  by an amount
yYs = e yy
r e s u lt in g  in  a t o t a l  s te e l  fo rc e
k s y  ^ 5 ayy
This l a t t e r  fo r c e  w i l l  be re s is te d  by an equal and op p o s ite  
fo rc e  in  th e  co ncre te , g iv in g  a s tre s s
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AsuE^Syu
M c = -  A----A Cy
Now
EcW c  = ~ ~ ' a2 (e9j) + ore3I )
AsyEs et/v _  Ec_ ( . e \
Acj, _  1 -  a J e !/y + CTeW
0“^  v & H U _____________ rt Be Ac_u________ _
( e f fe c t iv e )  =  -  -  EcAcy + (1 “ 02) EsA 5y 3 d
A lso
'■'v Ec / \xxc s -j __ a2 Veacoc + rt e yy )
Ec
XX •j _ a 2 (eix " cr. ar ( e f f ) . )
Ec2Acy+ EcEs 
11 K^Acj, + (1 -  CT 2) ES A"~
There fo ra  th© e f fe c t iv e  modulus o f e la s t i c i t y  o f  h o r iz o n ta l ly  
re in fo rc e d  b locks  is
■p ( vsr )  — ^c^cu * EcE^A^_____
±*h • ( e f f )  -  EcACy + (7  -  a2) BsAsy 3o2
F u rth e r , the  t o t a l  v e r t ic a l  fo rc e  in  the  concre te  i s
‘CI XX;
and th e  t o t a l  v e r t i c a l  fo rc e  in  th e  s t e e l  i s
A$s • * x s
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There fo re  the  mean v e r t i c a l  s tre s s  is  
Acx x x  c + A sac x x  $
and th e  e f fe c t iv e  e la s t ic  modulus f o r  modulus f o r  d oub ly  re in fo rc e d
b looks is
/ v A c x  x x c + Ass XX s
f e  (e f f  > -  e*x (Am + A w ' j
__; Ec? k c x k c y  +■ Ec^ -s (Ast/Acs + k s x ^c y )  +_0 ~~ o~2)Es2 AssAscj g (
(Acx t  A sy )  {&ckey + (1 cy2) E$Asy
3*4 RESULTS
( a) S tre ss  S tra in  R e la tio n s
The v e r t ic a l  extensom eter read ings f o r  th e  3 month te s ts  on
hand temped u n rte in fo rce d  b locks  w h ich  are ty p ic a l o f  the  form  o f
re s u lts  o b ta in e d  have been in c lu d e d  in  Table 1 and p lo t te d  in  
Graph 1* In  e ve ry  case a sm a ll la g  was observed a t  th e  i n i t i a l  
lo a d in g  and th e  t r u e  s tre s s  s t r a in  curve  was ta ke n  to  be th a t  
w ith  th© s t r a ig h t  p o r t io n  e x tra p o la te d  back to  zero lo a d *  Th© 
average o f these  read ings  tra n s fo rm e d  in to  a t ru e  stx’ess s t r a in  
curve  may be seen on Graph 7 and fo l lo w in g  ones, and the  o th e r  
e xp e rim e n ta l curves have been s im i la r ly  ob ta ined  ta k in g  the  average 
o f th re e  experim ents*
The d if fe re n c e  between th e  s tre s s  s t r a in  curves fox1 u n r& in fo ro e d  
concre te  b lo cks  compacted by f i b r a t io n  and hand tamped was sm a ll
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f o r  bo th  14 day and 3 month te s ts ,  as is  shown in  Table 2 and Graph 
2, and i t  may be assumed th a t  f o r  so t h in  a la y e r  o f co ncre te  as 
2J- in *  hand tam ping p ro v id e s  com plete c o n s o lid a t io n  w ith  t h is  
degree o f  w o r k a b i l i t y  o f  th e  mix© T h is  is  o f some im portance in  
p ra c t ic e  s ince  i t  dem onstra tes th a t  v ib r a t io n  is  n o t necessa ry  fo r  
norm al s h e lls  and th e re fo re  th e  c o s t o f  top  s h u tte r in g  can be 
avoided©
The e f fe c ts  o f  re in fo rc e m e n t upon the  s tre s s  s t r a in  curve  o f  
concre te  may be seen in  Tables 3, 5 , 7 and 9, and in  Graphs 3, 5 ,
7 and 9 , where the  e x p e rim e n ta l r e s u l t s  have been p lo tte d ©  The 
th e o r e t ic a l  e f f e c t  o f  such re in fo rc e m e n t, as c a lc u la te d  from  the  
fo rg o in g  th e o ry , is  shown by th e  r e s u lt s  p lo t te d  in  Graphs 4, 6 , 8 
and 10 and in  Tables 4 , 6 , 8 and 10, where th© e x p e rim e n ta l s tre s s  
s t r a in  curves f o r  u n re in fo rc e d  b locks  a t  ages o f  14 day and 3 
months have been used to  o b ta in  th e  th e o r e t ic a l  fig u re s©
The degree o f s im i l a r i t y  between th e  th e o re t ic a l  and e xp e rim e n ta l 
va lues  is  shown in  Tables 18 and 19, where secant m o d u li!  have been 
compared©
( k) P o isso n 's  R a tio  Values
T y p ic a l read ings o b ta in e d  fro m  th e  la t e r a l  s t r a in  extensom eters 
have been recorded in  Table 11 and p lo t te d  in  Graph 11© In  o rd e rt
t o  o b t a i n  t h e  a c t u a l  P o i s s o n ' s  r a t i o  c u r v e s  f o r  e a c h  b l o c k  t h e  
l a t e r a l  s t r a i n  r e a d i n g s  w e r e  u s e d  a g a i n s t  t h e  s m o o t h e d  c u r v e  v a l u e s  
o f  t h e  s t r e s s  s t r a i n  r e a d i n g s ©
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The e f fe c ts  o f  re in fo rc e m e n t upon the  P o is s o n 's  r a t io  curve 
a t  14 days and 3 months are shown in  Tables 12, 14, 15 and 17 and 
p lo t te d  in  Grephs 12, 14, 15 and 17© The th e o r e t ic a l  va lu e  o f  
P o isso n 's  r a t io  as g iven  by -the fo rg o in g  th e o ry  i s  u n a ffe c te d  by 
v e r t ic a l  re in fo rc e m e n t and may th e re fo re  be compared o n ly  in  the  
cases w ith  h o r iz o n ta l re in fo rc e m e n t (see Tables and Graphs 13 and 
16) © For o b ta in in g  the  th e o r e t ic a l  va lue s  the  experim enta l va lues 
o f  P o isso n 's  r a t io  f o r  u n re in fo rc e d  b locks  were used©
Tables 20 and 21 show the  degree o f s im i l a r i t y  between 
experim ent and th e o ry  f o r  P o isso n 's  r a t io  va lues  a t  14 days and 
3 months ©
3 ©5 CONCLUSIONS
The e xpe rim en ta l w o rk  shows t h a t  the  s im p le  th e o ry  developed
in  S e c tio n  3©3 is  s u f f i c i e n t l y  a ccu ra te  to  g iv e  a good in d ic a t io n
o f the  e f fe c ts  o f re in fo rc e m e n t on the  e la s t ic  p ro p e r t ie s  o f sm a ll
re in fo rc e d  concre te  b lo cks  and, f o r  la rg e  areas o f membrane where
s tre s s  changes are n o t sudden and th e re fo re  adequate le n g th  i s
a v a ila b le  f o r  th e  hond to  deve lop  th e  f u l l  s tre s s  in  the  s te e l
*
b a rs , the  th e o ry  is  l i k e l y  to  g ive  a v e ry  s a t is fa c to r y  d e s c r ip t io n  
o f the  perform ance o f  th e  membrane©
The s tre s s  s t r a in  curves show th a t  the  co ncre te  is  s e n s ib ly  
l in e a r  up to  about 30 pa r  ce n t o f  i t s  u lt im a te  s tre n g th  and th a t  
the  re in fo rc e m e n t has l i t t l e  e f f e c t  upon t h is  percentage© The
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va lues  o f  the  i n i t i a l  e la s t ic  modulus are in  the  re g io n  o f  5 x 10^
„ p
lb  in *  and compare w ith  f ig u re s  g ive n  by o th e r w orke rs  f o r  
concre tes  o f  t h is  typ e *
The Pols son’ s r a t io  re s u lts  a re  in te r e s t in g  p a r t i c u la r ly  in  
the  fo rm  o f  th e  curve o b ta in e d * I t  w ou ld  appear th a t  a t  low  
s tre sse s  co n c re te  a c ts  as an open te x tu re d  m a te r ia l ,  ra th e r  l i k e
a la te x  foam, in  w h ich  the  P o isson ’ s r a t io  is  v e r y  small® As
th e  s tre s s  inc re ases  th e  m a te r ia l perfo rm s more l i k e  a m e ta l l ic  
substance w ith  a P o isson ’ s r a t io  between 0*15 and 0*3 w h i ls t  under 
h ig h  s tre s s  P o isson ’ s r a t io  r a p id ly  approaches Q®5 and th e  m a te r ia l 
tends to  have the  p ro p e r t ie s  o f  a l iq u id *  Once aga in  th e  s im p le  
th e o ry  seems to  p re d ic t  s a t is fa c to r i ly * -  the  e f fe c t  o f  .re in fo rcem en t 
upon the  P o isson ’ s r a t io  va lu e s  a lth o u g h  th© observab le  in c re a se  
ob ta in e d  u s in g  v e r t ic a l  re in fo rc e m e n t is  n o t e x p la in e d *
( 23)Tests re p o rte d  by A N Johnson'1 1 in  1924 showed P o isson ’ s
r a t io  va lues  f o r  p la in  co n c re te  from  2 months to  8 'ye a rs  o f  th e  o rd o r
of 0*15*
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D I A L  G A U G E  R E A D I N G
Graph 1, T y p io a l read ings  fro m  v e r t ic a l  s t r a in  ex- 
tensom eter. U n re in fo rced  b lo o ks  te s te d  a t  3 months*..
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Graph 2# The e f f e c t  o f  com paction upon the s t r e s s - s t r a in  curve 
o f concre te  u n re in fo ro e d  b lo c k s  te s te d  a t  14 days and 3 months.
S T R A I N  x l O 4
Graph 3. E xpe rim en ta l d e te rm in a tio n  o f the e f fe c t  o f re in fo rce m e n t 
upon s t r e s s - s t r a in  curve  o f con cre te . H o r iz o n ta l re in fo rce m e n t.
•14 day te s ts .
S T R A I N  x l O 4
Graph 4. T h e o re t ic a l  d e te rm in a tio n  of the e f f e c t  of re in fo ro em en t
upon th e  s t r e s s - s t r a i n  curve of co n c re te . H o r iz o n ta l  and v e r t i c a l
re in fo rcem en t. 14 day t e s t s .
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S T R A I N  x l O 4
Graph E xp e rim e n ta l d e te rm in a tio n  o f the e f f e c t  o f re in fo rc e m e n t 
upon the s t r e s s - s t r a in  curve o f co n c re te . H o r iz o n ta l and v e r t i c a l  
re in fo rce m e n t. 14 day te s ts .
S T R A I N  X  l O 4
Graph 6. T h e o re t ic a l  d e te rm in a tio n  o f the e f f e c t  of re in fo rcem en t
upon the  s t r e s s - s t r a i n  curve o f c o n c re te . H o r iz o n ta l and v e r t i c a l
re in fo rcem en t. 14 day t e s t s .
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S T R A I N  x I 0 4
Graph 7® E xpe rim e n ta l d e te rm in a tio n  o f the e f fe c t  o f re in fo rce m e n t 
upon the s t r e s s - s t r a in  curve o f concrete® H o r iz o n ta l re in fo rce m e n t. 
3 month te s ts .
S T R A I N  x IQ 4
Graph 8® T h e o re tic a l d e te rm in a tio n  of th e  e f f e c t  of re in fo rc e m e n t
upon th e  s t r e s s - s t r a i n  curve of concrete® H o rizo n ta l reinforcem ent®
3 month t e s t s .
3 4 e
Graph 9. E xp e rim e n ta l d e te rm in a tio n  o f the e f fe c t  o f re in fo rce m e n t 
upon the s t r e s s - s t r a in  curve o f concre te . H o r iz o n ta l and v e r t ic a l  
re in fo rc e m e n t. 3 month te s ts .  •
S T R A I N  % l O
Graph 10. Theoretical determination of the effect of reinforcement
upon the stress-strain curve of concrete. Horizontal and vertical
_reinforcement. 3 month tests*.
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DIAL GAUGE READING
Graph 11# T y p ic a l re a d in g s  fro m  la t e r a l  s t r a in  extensometer# 
U n re in fo rc e d  b locks  te s te d  a t  3 months0 Hand tamped.
p o i s s o n ’s  r a t i o
Graph 12. E xpe rim e n ta l d e te rm in a tio n  o f the e f fe c t  o f 
re in fo rc e m e n t upon the  P o is s o n 's  r a t io  o f concre te . 
H o r iz o n ta l re in fo rc e m e n t. 14 day te s ts .
3kg
p o i s s o n ' s  r a t i o
G r a p h  13® T h e o r e t i c a l  d e t e r m i n a t i o n  o f  t h e  e f f e c t  o f  
r e i n f o r c e m e n t  u p o n  t h e  P o i s s o n ' s  r a t i o  o f  c o n c r e t e ®  
H o r i z o n t a l  r e i n f o r c e m e n t ®  1 4  d a y  t e s t s ®
p o i s s o n ’ s  r a t i o
G r a p h  14® E x p e r i m e n t a l  d e t e r m i n a t i o n  o f  t h e  e f f e c t  o f  
r e i n f o r c e m e n t  u p o n  t h e  P o i s s o n ' s  r a t i o  o f  c o n c r e t e ,  
H o r i z o n t a l  a n d  v e r t i c a l  r e i n f o r c e m e n t * .  1 4  da.y  t e s t s .
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P O I S S O N ' S  R A T I O
Graph 13* E xpe rim e n ta l d e te rm in a tio n  o f the e f fe c t  
o f re in fo rc e m e n t upon the  P o is s o n 's  r a t io  o f concre te . 
H o r iz o n ta l re inforcem ent®  3 month tests®
p o i s s o n ’s  r a t i o
Graph 16, T h e o re tic a l  d e te rm in a tio n  o f th e  e f f e c t  of
re in fo rcem en t upon th e  p o is s o n 's  r a t i o  o f co n cre te .
H o riz o n ta l re in fo rcem en t. 3 month t e s t s .
3 U
p o i s s o n ' s  r a t i o
G r a p h  17*  E x p e r i m e n t a l  d e t e r m i n a t i o n  o f  t h e  e f f e c t  o f  
r e i n f o r c e m e n t  u p o n  t h e  P o i s s o n ' s  r a t i o  o f  c o n c r e t e .  
H o r i z o n t a l  a n d  v e r t i c a l  r e i n f o r c e m e n t #  3  m o n t h  t e s t s #
s34j
TABLE 1
T y p i c a l  R e a d i n g s  f r o m  V e r t i c a l  S t r a i n  E x t e n s o m e t e r  
U n r e i n f o r c e d  B l o c k s  T e s t e d  a t  3  M o n t h s
( H a n d  T a m p e d )
L o a d  
1 0 0 0  l b
B l o c k
1 8 2 6
B l o c k
1 8 3 3  ‘
B l o c k
2 3 5 8
L o a d  
1 0 0 0  l b
B l o o l c
1 8 2 6
B l o o l c
1 8 3 3
i
B l o c k
2 3 5 8
0 0 ' 0 0 5 2 . 5 6 7 . 0 6 7 . 0 6 2 . 0
2 . 5 2 . 0 1 . 5 0 5 5 . 0 7 0 . 0 7 1 . 5 6 7 . 5
5o 0 5 . 0 4 . 0 1 . 5 5 7 . 5 7 4 . 5 76.0 7±5
7 . 5 8 . 0 6 . 5 2 . 5 6 0 . 0 7 8 . 0 ' 8 1 . 0 7 6 . 0
1 0 . 0 1 0 . 0 1 0 . 0 5 . 5 6 2 .  5 8 2 . 0 8 6 .  0 8 0 . 0
1 2 . 5 1 3 . 5 1 1 . 5 9 . 0 6 5 . 0 8 6 .  0 9 0 . 0 84 o  0
1 5 . 0 1 7 . 5 1 5 . 0 1 2 . 5 6 7 . 5 9 1 . 0 9 6 . 0 8 8 . 5
1 7 . 5 2 0 . 0 1 8 . 0 1 5 . 5 7 0 . 0 9 5 , 0 1 0 0 . 5 9 4 . 5
2 0 . 0 2 3 . 5 2 1 . 0 ' 1 8 . 5 7 2 . 5 9 9 . 0 1 0 6 . 5 9 7 . 5
2 2 . 5 2 7 . 0 2 4 . 5 2 2 . 5 7 5 . 0 1 0 3 . 0 1 1 2 . 0 1 0 2 . 5
2 5 . 0 3 0 . 0 2 8 . 0 2 5 . 0 7 7 . 5 1 0 8 . 5 1 1 5 . 0 1 0 8 . 0
2 7 . 5 3 3 , 5 3 0 . 5 2 9 . 0 8 0 . 0 1 1 3 . 0 1 2 0 . 0 1 1 4 , 0
3 0 . 0 3 6 ,5 s 3 5 . 0 3 2 . 0 8 2 . 5 1 1 9 . 5 1 2 7 . 0 1 1 9 . 0
3 2 . 5 3 9 .  5 3 8 . 0 3 5 . 5 8 5 . 0 1 2 5 . 0 1 3 2 . 5 1 2 5 . 5
3 5 . 0 4 3 .  Q 4 1 . 0 3 8 . 0 8 7 . 5 1 3 0 . 0 1 3 9 . 0 1 3 2 . 5
3 7 . 5 4 6 / 5 4 4 .  0 4 2 . 5 9 0 . 0 1 3 6 . 0 1 4 3 . 5 1 3 9 . 0
4 0  j 0 4 9 . 0 4 7 . 5 4 5 . 0 9 2 . 5 1 4 1 . 5 150i0 1 4 5 . 5
4 2 . 5 5 3 , 0 5 1 . 0 4 8 . 5 9 5 , 0 1 4 7 . 0 1 5 5 . 0 1 5 3 . 0
4 5 . 0 5 6 . 0 5 5 . 0 5 1 . 0 9 7 . 5 1 5 3 . 0 1 6 1 . 0 1 6 0 . 0
4 7 . 5 5 9 . 5 5 9 . 0 5 5 . 0 1 0 0 . 0 1 5 9 . 5 1 6 7 . 0 1 6 8 . 0
5 0 . 0 6 3 . 0 6 2 . 0 5 9 : 5
TABLE 2
The E f fe c t  o f Compaction Upon the S tre s s -S tra in  Curve o f C oncrete  
U n re in fo rce d  B locks  Tested  a t 14 Days and 3 Months
L o a d  
1 0 0 0  l b
S t r a i n  x  1 o 4  
1 4  d a y  
H a n d  t a m p e d
S t r a i n  x  1 0 ^  
1 4  d a y  
V i b r a t e d
S t r a i n  x  1 o 4  
3  m o n t h  
H a n d  t a m p e d
S t r a i n  x  1 0 4  
3  m o n t h  
V i b r a t e d
0 0 0 0 0
5 0 , 4 2 0 , 4 2 0 . 4 3 0 , 4 0
1 0 0 * 8 4 0 , 8 4 0 , 8 5 0 ,  81
. 1 5 1 , 26 +  26 1 . 2 8 1 , 2 2
20 +  6 9 +  69 +  7 0 1 .  63
2 5 2 S 1 7 2 , 1 7 2 . 1 3 2 ,  0 3
3 0 2 ,  68 2 0 68 2 . 5 5 2 , 4 4
3 5 3® 2 5 3 * 20 2 , 98 2 , 8 4
4 0 3 * 8 8 3o 8 4 3c 4 0 3 . 2 5
4 5 4® 69 4 . 5 5 3 . 8 5 3 .  6 7
5 0 5 . 7 0 5 . 4 5 4 .  3 3 4* 1 5
5 5 7 . 0 5 6 , 4 7 4 .  8 5 4 .  6 3
60 8b 9 0 8 e 00 5 . 4 0 5 . 1 8
6 5 - - 5b 9 7 5 . 7 4
7 0 - 6 . 5 5 6. 3 5
7 5 ft - 7 . 22 6; 9 9
80 - - 7 .  8 7 7 .  7 0
8 5 - - 8 . 65 8.  3 8
9 0 - - 9. 3 7 9 . 1 5
95 - - 1 0 . 1 7 10. 00
1 0 0 - - 1 1 . 0 0 1 1 . 0 0
341
E x p e rim e n ta l D e te rm in a tio n  o f the E f f e c t  o f R e in fo rcem ent 
Upon the S tre s s -S tra in  Curve o f Qoncrete
H o r iz o n ta l R e in fo rcem ent 
14  Day Tests
TABLE 3
L o a d  
1 0 0 0  l b '
S t r a i n  x  1 0 ^  
u n r e i n f o r c e d
S t r a i n  x  1 0 ^
i  i n „
S t r a i n  x  1 0 ^  
3 . 
a  xn.
S t r a i n  x  10^* 
g- i n 0
0 0 0 0 0
3 0 o 4 2 0 , 4 2 Oo 4 2 o .  42
1 0 0 ; 8 4 O i  8 4 Oo 8 4 0 , 8 4
1 5 1 . 26 1 , 26 1 .  26 . 1 o 26
20 1 . 6 9 1 * 6 9 1 . 6 9 1* 6 9
2 5 2 , 1 7 2 . 1 7 2 . 1 7 2 * 1 7
3 0 2 , 68 2 , 68 2 . 68 20 68
3 5 3« 2 5 3. 2 5 3 . 2 4 3c 2 4
4 0 3 . 88 3 . 88 3» 8 7 3 .  8 7
4 5 4 . 6 9 4 . 60 4 . 5 5 4 i  5 5
5 0 5* 7 0 5 * 4 5 5c 3 5 5o 3 5
5 5 7 .  0 5 6 , 5 0 6 . 1 6 6 C 1 6
60 80 9 0 7* 8 5 7 .  2 5 7 .  2 5
6 5 -  ■ 9c 60 8 . 60 80 60
TABLE 4
T h e o re t ic a l D e te rm in a tio n  o f the  E f fe c t  o f  R e in fo rcem ent 
Upon the  S tre s s -S tra in  Curve o f C oncrete
H o r iz o n ta l R e in fo rcem ent 
14  Day Tests
S tre ss  
lb# inT 2
S tra in  x  10^ 
u n re in fa rc e d
S tra in  x 10^  
i  in#
S tra in  x  10^ 
~b i n 0
S tra in  x 10^  
■g in .
0 0 0 0 0
500 0. 97 0,97 Oo 97 Oo 97
tooo 1* 95 1o 94 I* 93 1c 93
1500 3 . 1 0 3.09 3^  09 3. 08
2000 4o 69 4. 68 4* 67 4<> 66
2500 7o 51 7* 48 7*44 7.40
34m
E x p e r i m e n t a l  D e t e r m i n a t i o n  o f  t h e  E f f e c t  o f  R e i n f o r c e m e n t  
U p o n  t h e  S t r e s s - S t r a i n  C u r v e  o f  C o n c r e t e
H o r i z o n t a l  a n d  V e r t i c a l  R e i n f o r c e m e n t  
1 4  D a y  T e s t s
TABLE 5
L o a d  
1000 l b
S t r a i n  x  1 o 4  ' 
u n r e i n f o r c e d
S t r a i n  x  1 0 ^  
i  in ®
S t r a i n  x  1 0 ^  
f  in®
S t r a i n  x  1 0 ^  
i  i n .
0 0 0 0 0
5 0 j 4 2 0 ® 4 0 0.  3 8 0* 3 7
10 0® 8 4 0o 8 0 0 . 7 6 0o 7 4
1 5 +  2 6 +  21 +  1 5 +  11
20 +  69 +  61 +  5 3 +  4 8
2 5 2® 1 7 2® 0 2 +  9 2 +  8 4
3 0 20 6 8 2® 4 6 2* 3 3 2® 2 3
3 5 3 , 2 5 20 9  3 2® 7 8 2o 6 4
4 0 3* 8 8 3* 4-6 3 .  2 5 3. 1 2
4 5 4 .  69 4o 0 7 3 .  7 8 3. 61
5 0 5* 7 0 4* 7 5 4 .  3 4 4 . 1 5
5 5 7o 0 5 5* 5 8 4c  9 6 4 .  7 660 8® 9 0 60 65 5* 71 5c 4 5
6 5 — 6® 5 8 6® 1 7
.  7 0 - - • 7 . 7 5 7 . 1 5
T A B L E  6
T h e o r e t i o a l  D s t e r m i n a t i o n  o f  t h e  E f f e c t  o f  R e i n f o r c e m e n t  
U p o n  t h e  S t r e s s - S t r a i n  C u r v e  o f  C o n c r e t e  '
H o r i z o n t a l  a n d  V e r t i c a l  R e i n f o r c e m e n t  
1 4  D a y  T e s t s
S tresg  
lb  in®
S tra in  x  1 0 ^  
u n re in fo rc e d
S tra in  x 1 0 ^  
i  in .
S tra in  x  1 0 ^  
f  in .
S tra in  x 1 0 ^  
i  in .
0 0 0 0 0
5 0 0 0 .  9 7 0. 92 0 .  8 6 0® 7 9
1 0 0 0 +  9 5 +  8 3 +  71 +  5 9
1 5 0 0 3 . 1 0 2® 9 0 2® 6 8 2® 4 8
2 0 0 0 4 .  69 4 .  3 4 3 .  9 8 3 .  6 2
2 5 0 0 7 . 5 1 6 .  7 7 6® 0 4 5 .  3 4
TABLE 7
E x p erim en ta l D e te rm in a tio n  of the  E f f e c t  of R einforcem ent
Upon the  S t r e s s - S t r a i n  Curve o f  Concrete
H o r i z o n t a l  R e in fo rc em e n t  
3 Month T es ts
Load 
1000 lb
S t r a i n  x  10^' 
u n r e in fo r c e d
S t r a i n  x 10^  
i  in .
S t r a in  x 104  
3 . 
a m .
S t r a i n  x  10^‘ 
i  in .
0 0 0 0 0
5 0, 43 0 .41 0, 40 0 .4 0
10 0. 85 o: 82 0. 80 0. 80
15- 1. 28 1. 22 1, 20 1. 20
20 1. 70 1. 63 1. 60 1. 60
23 2 .1 3 2. 04 2. 00 2. 00
30 2. 55 2 .4 5 2. 40 2 .4 0
35 2. 98 2. 86 2. 80 2. 80
40 3 .4 0 3. 26 3. 20 3. 20
45 3 .8  5 3. 68 3 .5 8 3. 58
50 4. 33 4 .1 7 4 .0 7 4. 07
55 4 . 85 4. 67 4, 56 4o 56
60 5 .4 0 5 .21 5 .1 0 5o 10
65 5. 97 5. 75 5. 63 5c 63
70 60 55 60 35 6. 24 6. 24
75 7o 22 60 96 60 85 6S 85
80 7. 87 7. 62 7.51 7*51
85 80 65 8. 30 8 *1 6 8 .1 6
90 9. 37 9 .0 0 8. 85 8. 85
95 1 0 .1 7 9 .7 7 9 .5 8 9 .5 8  ,
100 1 1 .0 0 10. 60 10 . 38 1 0 . 38
TABLE 8
T h e o r e t ic a l  D e te rm in a t io n  o f  the E f f e c t  of R e in fo rc e m e n t  
Upon the  S t r e s s - S t r a i n  Curve of Concrete
H o r iz o n t a l  R e in fo rc em e n t  
3 Month T ests
S tre s s  
l b  in ,  “ 2
S t r a in  x 104  
u n r e in fo rc e d
S t r a in  x 104  
i  in .
S t r a in  x 104  
1  in .
S t r a in  x 104  
2 in .
0 0 0 0 0
1000 1. 90 1. 88 1 .8 7 1 .8 7
2000 3. 85 3 . 84 3. 83 3 .8 2
3000 6. 25 6. 23 6. 20 6 .1 8
4000 9. 37 9. 32 9. 26 9. 20
34 o
E x p e r im e n ta l  D eter m in a t io n  o f  the  E f f e c t  o f R e in fo rc em e n t  
Upon the S t r e s s - S t r a i n  Curve of C o n cre te
H o r i z o n t a l  and V e r t i c a l  R e in fo rc em e n t !
3 Month T ests  I---------------------------------------------  i
TABLE 9
Load 
1000  lb
S t r a in  x  10^ 
u n r e in fo r c e d
S t r a i n  x  10^  
i  in .
S t r a i n  x 104  
f  in ,
S t r a i n  x 1o4 
i  in .
0 0 0 0 0
5 0 .4 3 0 . 4 0 0 . 3 6 0 .3 5
10 0 . 85 0 . 79 0 .7 3 0 .7 0
15 1 . 2 8 1 .1 9 1 .0 9 1 .0 5
20 1. 70 1 .5 8 1 . 45 1 .4 0
25 2 .1 3 1. 98 1 .81 1 0 75
30 2 .5 5 2 . 37 20 18 2 . 1 0
35 2 . 98 2. 7 7 2. 54 2. 4 5
40 3o40 3 .1 6 2. 90 2. 80
45 3c 85 3o 56 3 c 26 3 .1 4
50 4 c 33 4« 00 3c 64 3o 53  !
55 4c 85 4 .4 5 4c 06 3o 94
60 5o40 4. 94 4c 50 4o 37
65 5. 97 5c 43 4c 95 4« 80
70 6. 55 5. 98 5 .4 L 5. 25
75 7c 22 60 58 5c 92 5c 75
80 7c 87 7. 25 60 43 6 .2 5  .
85 8„ 65 7o 94 7 .0 2 6. 80
90 9. 37 8. 67 7. 65 7. 37
95 1 0 . 1 7 9 .4 0 8. 30 7. 99
100 1 1 .0 0 1 0 .1 7 9. 00 8 . 6 3  |
105 - - 9. 73 9. 30
110 - - 1 0 .4 9 1 0 .0 5
115 - - 11 .2 5 10. 97
120 — - - 12. 00
T h eoretica l Determ ination of the E ffe c t  o f Reinforcement 
Upon the S tr e ss -S tr a in  Curve of Concrete
H orizontal and V e r t ic a l Reinforcement 
3 Month T ests
34p
TABLE 10
S t r e s s  
lb i n ,
S t r a i n  x 1o4 
u n r e i n f o r c e d
S t r a i n  x 1 0 ^  
i  in®
S t r a i n  x 1 0 ^  
f  in®
S t r a i n  x 1 O^ 
y  in®
0 0 0 0 0
1000 +  90 +  77 1 ® 65 +  54
2000 3 .8 5 3. 62 3. 37 3c 13
3000 60 25 5° 83 5o 39 +  97
4000 9. 37 8® 64 7o 89 . 7* 18
T A B L E  1 2
Experim ental B eterm ination of the E f fe c t  of Reinforcement 
Upon the P o isso n 's  R atio of Concrete
H orizontal Reinforcement 
14 la y  T ests
Load 
1000 lb
G
U nreinforced
O
i  in .
G
f  in®
G
2  in .
5 0, 045 0 .037 0 . 0 3 2 ‘ 0 ® 0 3 0
10 0. 074 0® 0 6 4 0 . 0 5 0 0® 04 0
15 0 .092 0. 085 0 . 0 6 4 0 . 0 5 1
20 0.105 0 .099 0 . 0 7 5 0. 061
25 0.116 0® 110 0. 085 0 . 0 7 0
30 0.126 0.117 0.095 0, 080
35 0.138 0.124 0.105 0.090
40 0 .149 0.132 0.115 0 .100
45 0 .162 0.140 0.126 0 ,112
50 0.175 0 . 1 4 9 0.137 0.125
55 0.194 0 .159 0.149 0 . 1 4 1
60 0. 220 0 . 1 6 9 0 . 1 6 4 0.160
65 - - - 0 .187
TABLE 11
T y p i c a l  R e a d in g s  fr o m  L a t e r a l  S t r a i n  B x te n s o m e te r  
U n r e i n f o r c e d  B lo c k s  T e s t e d  a t  3 M o n th s
( H and Tam ped)
L o a d  
1000 l b
B lo olc
1826
B lo c k
1833
B lo c k  
2358 '
0 . 0 0 . 0 0 , 0 0 . 0
2 .5 0 , 0 0 , 0 0 . 0
5 . 0 0 . 0 0 . 0 0 . 0
7 .5 0 . 5 0 . 0 0 .5
1 0 . 0 0 . 5 0 , 5 1 . 0
1 2 . 5 1 . 0 1 . 0 1 . 0
1 5 .0 1 . 5 1 . 5 1 . 5
1 7 .5 1 .5 1 .5 2 . 0
20. 0 2 . 0 2 , 0 2 .5
22 .5 2 . 5 2 .5 2 .5
2 5 . 0 3 ,0 3 .0 3 . 0
2 7 .5 3 .5 3 .5 3 .5
3 0 .0 4 . 0 3 .5 4 . 0
3 2 .5 4 . 5 4 . 0 4 . 5
3 5 . 0 4 . 5 4 . 5 5 . 0
37 .5 4 . 5 5. 0 5 . 5
4 0 . 0 5 . 5 5 . 5 5 . 5
4 2 . 5 6 , 0 6 . 0 6 ,0
4 5 . 0 7 . 0 7 . 0 6 .5
4 7 .5 7 .0 7 . 0 7 . 0
5 0 . 0 7 .5 7 .5 7o 5
5 2 . 5 7 . 5 7 . 5 8 . 0
5 5 .0 8 . 0 8 ,5 8 . 5
5 7 . 5 8 . 5 9 . 0 9 .0
6 0 .0 9 .0 1 0 . 0 9 . 0
62 .5 9 .5 1 0 . 5 1 0 , 0
6 5 .0 1 0 .0 1 1 .5 1 0 ,5
6 7 .5 1 0 . 5 , 1 2 .5 1 1 , 0
7 0 .0 1 1 .5 13. 0 11*5
7 2 . 5 1 2 . 0 1 4 ,0 1 2 ,5
75.  0 1 2 . 5 1 5 .0 1 3 . 0
7 7 .5 1 3 . 5 1 6 .5 14=0
8 0 . 0 1 4 . 5 1 7 .5 15*0
8 2 .5 1 5 . 5 1 9 . 0 1 6, 0
8 5 .0 1 7 .0 2 0 . 0 1 7* 0
8 7 .5 1 8 .5 2 1 , 0 1 8 .5
9 0 .0 2 0 .5 2 2 .5 20. 0
9 2 .5 2 2 .0 2 4 .5 21, 5
9 5 . 0 2 5 .5 2 6 .5 2 3 .5
9 7 .5 2 8 .5 2 9 .5 2 5 .5
1 00; 0 3 1 .5 3 2 . 0 2 8 .0
T h e o r e t i c a l  D e t e r m i n a t i o n  o f  th e  E f f e c t  o f  R e in fo r c e m e n t  
Upon th e  P o i s s o n ’ s R a t i o  o f  C o n e r e t e
H o r i z o n t a l  R e in fo r c e m e n t 
1 4  D a y  T e s t s
TABLE 13
S t r e s s  
l b  i n .  ~2
0
U n r e i n f o r c e d
. 0
i  i n .
0
a i n .
0
i  i n .
1000 0.111 0 d 0 3 0 .0 9 4 O .O 83
15 0 0 0,  1 34 0 # 12 4 0.  112 0,100
2000 0o 162 Oc 1 4 8 0 .1 3 3 0 .1 1 6
2500 0. 200 Oc 1 7 9 0.158 0 .1 3 4
T A B L E  1 4
E x p e r i m e n t a l  D e t e r m i n a t i o n  o f  th e  E f f e c t  o f  R e in fo r c e m e n t  
U pon th e  P o i s s o n ’ s R a t i o  o f  Q o n c r e te
H o r i z o n t a l  and V e r t i c a l  R e in fo r c e m e n t  
1 4  D a y  T e s t s
L o a d 0 0 0 0
1 0 0 0  l b U n r e i n f o r c e d i  i n . 1  i n . i  i n .
5 0 .  0 4 5 - -
1 0 0.074 0.050 0,030 -
1 5 0,092 0 .  0 8 2 0.050 -
2 0 0,105 0 . 0 9 7 0.062 0.  025
2 5 0 .  1 1 6 0 . 1 1 0 0.074 0.049
3 0 0 . 1 2 6 0 .  1 2 1 0.  085 0.063
3 5 0 . 1 3 8 0 . 1 3 0 0 , 0 9 5 0.073
40 0 . 1 4 9 0 . 1 3 9 0 . 1 0 5 0 . 0 8 4
4 5 0 . 1 6 2 0 . 1 4 8 0 . 1 1 4 0 .  0 9 4
5 0 0 ,1 7 5 0 . 1 5 7 0.123 0 . 1 0 4
55 0 . 1 9 4 0 . 1 6 5 0.131 0 . 1 1 5
6 0 0 .  2 2 0 0 , 1 8 0 0 . 1 4 0 0.125
6 5 - - 0.148 0 . 1 3 6
7 0 - - 0 ,1 5 8 0 . 1 5 0
TABLE 15
E x p e r i m e n t a l  D a te  m i r a t i o n  o f  t h e  E f f e c t  o f R e in fo r c e m e n t 
U pon th e  P o i s s o n 's  R a t i o  o f  C o n c r e te
H o r i z o n t a l  R e i n f  oroement.
3 M o n th  T e s t s
L o a d  
1000 l b
a
U n r e i n f o r c e d
a
3: i n .
a
1  i n .
a
i  i n .
10 0.  080 0 ,1 0 8 0.100 0,  086
15 0 .1 1 9 0 ,1 2 3 0 . 1 1 7 0.120
20 0.140 0 .1 3 4 0 .1 2 5 0.126
25 0 .1 5 4 0.143 0 .1 3 1 0.' 129
30 0 ,1 6 5 0 .1 5 0 0.136 0 .1 3 1
35 0.17 4 0,156 0.140 0.* 1 34
40 0 , 18 0 0 ,1 6 2 0 . 1 4 4 0 ,1 3 6
45 0 .1 8 5 0 .1 6 7 0 ,1 4 8 0 .1 3 9
50 0 .1 8 8 0,172 0 ; 15 3 0* 141
55 0.191 0 ,1 7 6 0 .1 5 6 0.144
60 0 .1 9 5 0 .1 8 1 0 .1 6 0 0,146
65 0 ; 200 0 .1 8 5 0 . 165 0 .1 4 9
70 0. 205 0.191 0.170 0 .1 5 1
75 0 . 2 11 0 .1  97 0. 1 7 7 0 .1 5 6
80 0 . 220 0.204 0 . 185 0 .1 6 4
85 0.233 0 .2 1 4 0 .1 9 5 o . 176
90 0.250 o . 230 0i 2 1 0 0.190
95 0.274 - - 0. 214
10 0 0 . 310 r"° — 0 . 285
TABLE 16
T h e o re tic a l  D e te rm in a tio n  of th e  E f f e c t  of R einforcem ent
Upon th e  P o i s s o n 's  R a t i o  o f  C o n c r e te
H o r i z o n t a l  R e in f o r c e m e n t  
3 M o n th  T e s t s
S t r e s s  
l b  i n , - 2
O
U n r e i n f o r o e d
G
i  i n .
G 3 •8 ln.
G
i  i n .
1 0G0 0 . 1 4 7 0.140 0 .1 2 8 0.1142000 0 .1 8 5 0.172 0 .1 5 8 0 .1 4 0
3000 0 . 202 0,188 0 .1 7 2 o. 151
4000 0.250 0. 230 0 . 208 0 .1 8 2
T A B L E  1 7
E x p e r i m e n t a l  D e t e r m i n a t i o n  o f  th e  E f f e c t  o f  R e in fo r c e m e n t  
Upon th e  P o i s s o n 's  R a t i o  o f  C o n c r e te  
H o r i z o n t a l  a n d  V e r t i c a l  R e in fo r c e m e n t  
3 M o n th  T e s t s
L o a d  
1000 lb
G
Unreinforced
G
i in.
G
f in.
G 1 .
2 m.
10 0.  080 0.  080 0.070 0.066
15 0.119 0 .1 1 8 0 .1 0 0 0 .0 9 4
20 0 .1 4 0 0 .1 3 5 0 .1 1 6 0 .1 0 6
25 0 .1 5 4 0 .1 4 5 0.125 0 .1 1 2
30 0® 16 5 0.151 0 .1 3 0 0 .1 1  6
35 0 .1 7 4 0.156 0 .1 3 5 0.119
40 0^  18 0 • 0 .1 6 0 0.140 0.123
45 0 .1 8 4 0. 16 5 0,144 0 .1 2 6
50 0 .1 8 8 0 .170 0 .1 4 9 0 .1 2 9
55 0.191 0 .1 7 4 0 .1 5 3 0.132
60 0 .1 9 5 0 .1 7 9 0 .1 5 8 0 .1 3 5
65 0 . 200 0 .1 8 3 0. 16 2 0. 1  38
70 0. 205 0 .1 8 8 0.167 0.142
75 0 . 2 1 1 o . 192 0.171 0 .1 4 5
80 0 . 220 | 0.198 o0176 0.1 48
85 o . 233 0 . 208 0 . 181 o . 152
90 0.250 0 . 220 0 . 18 8 Oo 15 6
95 o . 274 0 .2 3 5 0.196 0 . 16 0
10 0 0.  310 o . 260 0 . 206 0.167
10 5 ■- ~ 0 .1 7 5
1 1 0 - - 0 . 18 6
115 - Oo 200
12 0 Oo 221
34u
T A B L E  1 8  i*   Ii
C o m p a r is o n  o f  S e c a n t M o d u li  a t  1 4  D a y s
R e i n f  o r  ceme n t S t r e s s  
l b  i n , * ” 2 E x p e r i m e n t a l T h e o r e t i c a l
N one 1 0 0 0 5o 1 3it 1 5 0 0 4o 84 _it 2000 4o 26 —ti 2500 3o 33 —
i  i n . H o r i z o n t a l 10 0 0 501 3 5 .1 3ii it 15 0 0 4c 84 4 . 85n it 2000 4o 35 4 . 2 7urz it 2500 3, 68 3. 34
8 i n . it 10 0 0 5* 1 3 5 . 1 4it ii 15 0 0 4* 84 . 4 i 85ii ii 2000 4 .4 0 4 .2 8IT
i  i n .
s 2500 3c 92 3 .3 6II 10 0 0 5c 1 3 5 .1 5n It 15 0 0 4c 84 4 .8 61! t.l 2000 4c 40 4 .2 9II II 2500 3. 92 3. 38
i  i n . D o u b le 10 0 0 5o 78 5 . 4 6tt ii 15 0 0 5 . 36 5 .1 8it n 2000 4 . 91 4 . 61ii7 it 2500 4 e 29 3c 69
8 i n . II 1000 6# 06 5; 86tt 11 15 0 0 5c 61 5c 59tt II 2000 5o 29 5o 03HA tt 2500 4o 85 A , 1 4
2 i n . II 10 0 0 6c 33 60 30it II 15 00 5c 93 60 05
ii II 2000 5c 54 5c 52it II 2500 5o 08 4c 68
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TABLE 19
Com parison o f  S ecant M oduli, a t  3 Months
S t r e s s  '
R e in f o r c e m e n t l b / i n , ”  t i E x p e r i m e n t a l T h e o r e t i c a l
None 1000 5 .  3 2ti 2000 5 t i 9 _1 3000 4 . 8 0 ~>n 4000 4 .  2 7
i  i n .  H o r i z o n t a l 1000 5 .48 5 .  3 311 n 2000 5 . 4 3 5 .  20it 11 3000 4 .  96 4 . 8 7ti it
4 0 0 0 4 . 4 4 4 .  2 9
a i^ »  " 1000 5 .  63 5 .  3 4it it 2000 5 . 5 9 5.  22it 11 3000 5 . 1 5 4.83ti 11
i  i n ,  «
4000 4 . 5 2 4 . 3 21000 5 .  63 5 . 3 511 it 2000 5 . 5 9 5 . 2 3it n 3000 5 . 1 5 -  4 . 8 5tt it
i  i n .  D o u b le
4 0 0 0 4 , 5 2 4 . 3 51000 6.  3 7 5. 65it it 2000 5.  62 5 . 5 311 it 3000 5.26 5 , 1 411 ti 4 00 4» 6 1 4 .  63
i  i n .  " 1000 6.  80 6.06
it 11 2000 6 , 1 3 5 . 9 411 it 3000 5 . 7 6 5 . 5 7it ti
4 0 0 0 5 .  2 3 5 . 0 7
iin .  " 1000 7 . 1 4 6 . 4 9
II It 2000 6.  3 7 6.  3 9
II II
1 3000 5 .  9 7 6.03
II II
4 0 0 0 5 . 4 3 5 . 5 7
C o m p a ris o n  o f  T h e o r e t i c a l  a n d  E x p e r i m e n t a l  P o i s s o n ’ s 
R a t i o  V a lu e s  o f  R e i n f o r c e d  C o n c r e te  B lo c k s
TABLE 20
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1 4  D a y  T e s t s
R e in fo r c e m e n t S t r e s s  l b  i n .  ~ 2 E x p e r i m e n t a l
t
T h e o r e t i c a l
None 10 0 0 0 , 1 11 _
tt 1500 0 .1 3 4 —tt 2000 0o 1 62
1 2500 0o 200 _
i  i n . H o r i z o n t a l 10 0 0 0 o 10 5 0 .1 0 3
« 11 15 0 0 0o 1 2 2 o . 124
11 ii 2000 0o 14 0 0 . 14 8
u II 2500 0 S 16 1 ■ 0 .1 7 9
1  i n . 10 0 0 0 .0 8 0 0 .0 9 4" It 1500 0 .1 0 2 0 . 1 1 2» II 2000 0.126 0 .1 3 3'< It 2500 0 .1 5 3 0.1 5 8
i  i n .  '■ 1000 0o 055 0o O 83
" It 1500 0 ,0 8 8 0 . 100
11 II 2000 0 . 1 1 2 0 .1 1 6
" II 2300 0 o 14 6 Oo 1 3 4
T A B L E  21
C o m p a ris o n  o f  T h e o r e t i c a l  and E x p e r i m e n t a l  P o i s s o n ’ s 
R a t i o  V a lu e s  o f  R e i n f o r c e d  C o n c r e te  B lo c k s
3 M o n th  T e s t s
R e in f  or cement S t r e s s  l b  in .- 2 E x p e rim e n ta l T h e o r e t ic a l
None 10 0 0 0 . 1 4 7
• ti 2000 0 ,1 8 4 —
11 3000 0 . 202 _
ti 4000 o. 250
\  in .  H o r iz o n ta l 1000 0 .1 2 8 0o 14 0
II  IT 2000 o. 167 0 . 1 7 2
IT II 3000 0 .1 8 8 0 .1 8 8
II  II 4000 0 .2 3 0 0.230
f  i n 0 " 1000 0 .1 2 1 0 .1 2 8
11 ti 2000 0 .1 4 8 0 .1 5 8
it it 3000 0.167 0 .172
n  11 4000 0. 2 10 0 . 208
i  in . » 10 0 0 0 .1 2 3 0.11 4
II II 2000 0 .1 3 9 0.140
II II 3000 0 .1 4 9 0.151
II  11 4000 0.190 0 .1 8 2
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C H A P T E R  4  
E d g e  B e a m  T o r s i o n
W h e n  t h e  e f f e c t i v e  s t i f f n e s s  o f  e d g e  b e a m s  w a s  c o n s i d e r e d  i n  P a r t  I  
o f  t h i s  w o r k  i t  w a s  s h o w n  t h a t  f o r  c i r c u m f e r e n t i a l  b e n d i n g  m o m e n t  M p  
a n d  t h r u s t  Nju t h e  p o s i t i o n  o f  t h e  c e n t r e  o f  t w i s t  w a s  o f  s o m e  i m p o r t a n c e  *
T h e  c e n t r e  o f  t w i s t  o f  a  s t r u c t u r a l  m e m b e r  i s  d e p e n d e n t  u p o n  t w o  f a c t o r s ?
( a )  t h e  r i g i d  b o d y  d i s p l a c e m e n t s  o f  t h e  m e m b e r  d u e  t o  
c o m p l i a n c e  o f  i t s  s u p p o r t s ,
a n d
( b )  t h e  c e n t r e  o f  d i s t o r t i o n  o f  t h e  m e m b e r  i t s e l f *
T h e  f i r s t  e f f e c t  u n d o u b t e d l y  v a r i e s  c o n s i d e r a b l y  w i t h  d i f f e r e n t  
f o r m s  o f  s t r u c t u r a l  d e t a i l ,  b u t  t h e  s e c o n d  e f f e c t  c a n  b e  d e t e r m i n e d  b y  
e x p e r i m e n t  a l t h o u g h  t h e  a u t h o r  c o u l d  f i n d  n o  r e f e r e n c e  t o  p r e v i o u s  
w o r k s
T h e  c e n t r e  o f  t o r s i o n a l  d i s t o r t i o n  i s  d e f i n e d  a s  t h a t  p o i n t  i n  
t h e  p l a n e  o f  t h e  c r o s s  s e c t i o n  o f  a  b e a m  ( n o t  n e c e s s a r i l y  w i t h i n  t h e
c r o s s  s e c t i o n )  a b o u t  w h i c h  t h e  c r o s s  s e c t i o n  r o t a t e s  w h e n  a  t o r q u e  i s
a p p l i e d  a t  r i g h t a n g l e s  t o  t h e  a x i s  o f  t h e  b e a m ,  t h e r e  b e i n g  n o  o t h e r  
c o n s t r a i n t s  a p p l i e d *  T h e  a x i s  o f  d i s t o r t i o n  i s  t h e  s t r a i g h t  l i n e  
p a s s i n g  t h r o u g h  t h e  c e n t r e s  o f  d i s t o r t i o n  o f  t h e  c r o s s  s e c t i o n s *
I f  t h e  b e a m  s e c t i o n  w e r e  s y m m e t r i c a l  a n d  t h e  m a t e r i a l  o f  t h e  b e a m  
h o m o g e n e o u s  a n d  i s o t r o p i c ,  t h e  c e n t i m e  o f  d i s t o r t i o n  w o u l d  l i e  a t  t h e
4 01 INTRODUCTION
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p l a c e d  s y m m e t r i c a l l y  i n  t h e  b e a m  t h e  c e n t r e  o f  d i s t o r t i o n  s h o u l d  r e m a i n  
u n d i s t u r b e d ©  I f *  h o w e v e r *  r e i n f o r c e m e n t  w e r e  p l a c e d  u n s y m m e t r i c a l l y  
o r  t h e  c o n c r e t e  w a s  n o t  h o m o g e n e o u s *  t h e  c e n t r e  o f  d i s t o r t i o n  w o u l d  b e  
d i s p l a c e d  f r o m  t h e  g e o m e t r i c  c e n t r e ©  T h e  e f f e c t  o f  l o n g i t u d i n a l  
r e i n f o r c e m e n t  c a n  b e  d e t e r m i n e d  t h e o r e t i c a l l y  a n d  t h e  e f f e c t  o f  b o t h  
f a c t o r s  b y  e x p e r i m e n t 0
E x p e r i m e n t a l  w o r k  h a s  b e e n  c a r r i e d  o u t  w i t h  t h e  a p p a r a t u s  
d e s c r i b e d  i n  C h a p t e r  2 a n d  a  t h e o r e t i c a l  d e t e r m i n a t i o n  o f  t h e  e f f e c t  
o f  r e i n f o r c e m e n t  i s  g i v e n  i n  S e c t i o n  3  o f  t h i s  C h a p t e r ©
4 © 2  E X P E R IM E N T A L  METHOD
T h e  e x p e r i m e n t s  w e r e  c a r r i e d  o u t  o n  s m a l l  s c a l e  m o d e l s  o f  t y p i c a l  
s h e l l  r o o f  e d g e  b e a m s  t h e s e  b e i n g  4 8  i n ©  l o n g  w i t h  a  s e c t i o n  4  i n ©  x  
1  i n 0 ( F i g u r e  l )  © M i l d  s t e e l  r o d s  o f  -Jr i n ©  d i a m e t e r  w e r e  u s e d  f o r  
r e i n f o r c e m e n t ©  T h e  p a r t i c u l a r s  o f  t h e  c o n c r e t e  u s e d  h a v e  b e e n  
d e s c r i b e d  i n  C h a p t e r  1©
A  s t e e l  m o u l d  w a s  m a d e  s o  t h a t  a  l a r g e  n u m b e r  o f  b e a m s  c o u l d  b e  
c a s t  w i t h  a  c l o s e  d i m e n s i o n a l  t o l e r a n c e ©  T h e  b e a m s  w e r e  o a s t  w i t h  
a  4  i n ©  f a c e  v e r t i c a l  a n d  r e i n f o r c e m e n t *  w h e n  u s e d *  w a s  p l a c e d  a t  t h e  
b o t t o m  o f  t h e  m o u l d  a n d  p a s s e d  t h r o u g h  t h e  e n d  p l a t e s  s o  t h a t  t h e  
b a r s  w e r e  s t r a i g h t ®
W h e n  t h e  t e c h n i q u e  o f  c a s t i n g  h a d  b e e n  d e v e l o p e d  s u f f i c i e n t l y *  
s e v e n  t y p e s  o f  b e a m  w e r e  c a s t  h a v i n g  0 *  2*  4 *  6 * 8 * 1 0  a n d  1 2  b a r s ©  
V i b r a t i o n  w a s  u s e d  f o r  c o m p a c t i o n  a n d  a f t e r  c a s t i n g *  t h ©  m o u l d  w a s
geom etric  c e n tre  of th e  beam s e c t io n 0 I f  s t e e l  re in fo rcem en t were
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p l a c e d  i n  a  m o i s t  c u p b o a r d  f o r  2 4  h o u r s  w h e n  i t  w a s  s t r i p p e d  a n d  t h e  
b e a m s  p l a c e d  i n  a  c u r i n g  t a n k  a t  a b o u t  64°F f o r  s i x  d a y s *  T h e y  w e r e  
t h e n  r e m o v e d  a n d  a l l o w e d  t o  d r y  o u t ,  b e i n g  t e s t e d  a t  a n  a g e  o f  6 
w e e k s  *
B e f o r e  t e s t i n g ,  s m a l l  p i e c e s  o f  l / l 6 i n *  g a i g e  p l a t ©  c o v e r e d  
w i t h  m e t a l l u r g i c a l  e m e r y  p a p e r  w e r e  s t u c k  t o  t h ©  t o p  a n d  b o t t o m  
s u r f a c e s  o f  t h e  b e a m  a t  t h e  m e a s u r i n g  p o i n t s  t o  p r o v i d e  s u r f a c e s  f o r  
t h e  m i r r o r  r o l l e r s *
F o r  t e s t i n g ,  t h e  b e a m  w a s  c a n t i l e v e r e d  f r o m  a  c h u c k  a n d  a d j u s t e d  ' 
s o  t h a t  i t  w a s  l e v e l  a n d  c e n t r a l l y  p l a c e d  w i t h  r e s p e c t  t o  t h e  p u l l e y s *  
T h e  t o r s i o n  a r m  w a s  c l a m p e d  t o  t h e  o u t e r  e n d  o f  t h e  b e a m  i n  l i n e  
w i t h  t h e  p u l l e y s  a n d  t h e  l o a d i n g  t a p e s  a t t a c h e d  t o  t h e  a r m s *  A
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L o a d i n g  b u c k e t  w a s  t h e n  p l a c e d  c e n t r a l l y  o n  t h e  h o r i z o n t a l  b e a m *  
D e t a i l s  o f  t h e  a r r a n g e m e n t  m a y  b e  s e e n  f r o m  F i g u r e  6 o f  C h a p t e r  2 *
T h e  m i r r o r s  w e r e  t h e n  p o s i t i o n e d  a n d  a d j u s t e d  s o  t h a t  t h e  
i l l i m i n a t e d  s c a l e s  c o u l d  b e  r e a d  t h r o u g h  t h e  t e l e s c o p e s *
F o r  t h e  t o r s i o n  t e s t s  l o a d i n g  i n c r e m e n t s  o f  3  l b  o f  l e a d  s h o t  
w e r e  p l a c e d  i n  t h e  b u c k e t  a n d  t h e  s i x  r e a d i n g s  o f  m i r r o r  r o t a t i o n  
r e c o r d e d *  A  t o t a l  l o a d  o f  s o m e  3 6  l b  w a s  u s e d *
F o r  t h e  b e n d i n g  t e s t s ,  n e c e s s a r y  t o  d e t e r m i n e  t h e  t r u e  p o s i t i o n  
o f  t h e  c e n t r e  o f  t w i s t  ( s e e  C h a p t e r  2 ) ,  o n e  l o a d i n g  t a p e  w a s  
d e t a c h e d  f r o m  t h e  t o r s i o n  a r m  a n d  f i x e d  t o  t h e  f r a m e  a n d  l o a d i n g  
i n c r e m e n t s  o f  2 o z  o f  l e a d  s h o t  u p  t o  a  t o t a l  o f  1 ;|- l b  w e r e  p l a c e d  
o n  t h e  b u c k e t *  M i r r o r  r e a d i n g s  b e i n g  t a k e n  a s  i n  t h e  p r e v i o u s  
t e s t *
4 * 3  T H E O R E T IC A L  D E T E R M IN A T IO N  O F  T H E  E F F E C T  O F L O N G I T U D I N A L
R E I N F O R CEM EN T ~  ~  ~
T h e  b a s i s  o f  t h e  a n a l y s i s  i s  t h e  s h o r t e n i n g  e f f e c t  p r o d u c e d  b y  
t h e  t w i s t  i n  l o n g i t u d i n a l  b e a m  f i b r e s *  T h e  p r e s e n c e  o f  t h i s  e f f e c t  
h a s  b e e n  n o t e d  b y  T i m o s h e n k o ^ a n d  h a s  b e e n  e m p l o y e d  b y  C u l l i m o r e ^ 2 5 ^ 
f o r  t h e  d e t e r m i n a t i o n  o f  t h e  c e n t r e  o f  t w i s t  o f  t h i n - w a l l e d  a l l o y  
s e c t i o n s *
C o n s i d e r  a  b e a m  A  B C D o f  l e n g t h  L  f i x e d  a t  A  D t o  v h i c l i  a  
p u r e  t o r q u e  i s  a p p l i e d  a t  B C c a u s i n g . t h a t  c r o s s  s e c t i o n  t o  r o t a t e  
t h r o u g h  a n  a n g l e  0 i n t o  t h e  p o s i t i o n  B* C* « T h e  r e s u l t  i s  t h a t
a  f i b r e  H  K o r i g i n a l l y  p a r a l l e l  t o  t h e  l o n g i t u d i n a l  a x i s  o f  t h ©  b e a m  
b e c o m e s  d i s t o r t e d  i n t o  a  h e l i x  l y i n g  o n  t h e  c y l i n d e r  o f  r a d i u s  ,  
w h e r e  X  i s  t h e  d i s t a n c e  o f  t h e  f i b r e  f r o m  t h e  x  a x i s  y f t i i c h  h a s  
b e e n  m a d e  t o  c o i n c i d e  w i t h  t h e  a x i s  o f  d i s t o r t i o n *  ( F i g u r e  2 ) *
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F i g u r e  2
A s s u m i n g  i n  t h e  f i r s t  i n s t a n c e  t h a t  t h e  b e a m  s u f f e r s  n o  s t r a i n  
i n  t h e  x  d i r e c t i o n ;  t h e  f i b r e  K H  o f  o r i g i n a l  l e n g t h  (  i s  
s t r a i n e d  t o  a  l e n g t h s
w  +
i . e .  1 ( 1  +  e, )  m i d  + — / ■  ) t
w h e r e  e ,  i s  t h e  s t r a i n  i n  t h e  f i b r e *
E x p a n s i o n  o f  t h e  r i g h t  h a n d  s i d e  o f  t h e  e q u a t i o n ,  n e g l e c t i n g  
p o w e r s  o f  T g . 8 g h i g h e r  t h a n  t h e  f i r s t ,  g i v e s
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IL o © o
l  0  ♦ )
ei *  i
z 1 e2 
(z
w h i c h  m a y  b e  w r i t t e n  a p p r o x i m a t e l y  a s
w h e r e  T] i s  t h e  o r d i n a t e  o f  t h e  f i b r e  c o n s i d e r e d *
I n  o r d e r  t o  s a t i s f y  c o n d i t i o n s  o f  e q u i l i b r i u m  ( n o  r e s u l t a n t  
l o n g i t u d i n a l  f o r c e  e x i s t s )  t h e  b e a m  m u s t  b e  s u b j e c t e d  t o  a  c o m p r e s s i v e  
s t r a i n  i n  t h e  x  d i r e c t i o n  w h i c h  w i l l  b e  a s s u m e d  t o  b o  u n i f o r m ©
T h e  r e s u l t a n t  s t r a i n  b e i n g
1 v  e 22 7T~ - e 4  © 2
F i g u r e  3
C o n s i d e r  a  s e c t i o n  o f  t h e  b e a m  a t  r i g h t  a n g l e s  t o  t h e  x  a x i s .  
( F i g u r e  3 ) ©  L e t  0 ,  c e n t r e  o f  c o - o r d i n a t e s *  b e  t a k e n  a t  t h e  c e n t r a
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of distortion lying on tha 7] axis at a height t, above the bottom 
of the section© The reinforcement is taken to he concentrated over 
a small area at a height b » 5 above 0©
Applying equation 4©2; the concrete stress at any point
and the steel stress (considered uniform over its depth)
: o O
4 04
For equilibrium the resultant force acting across the section 
must be zero* thuss
J  ic dAc + J  fs dAs ss O
Ac As 4© 5
J
and substituting for fc and f $ from 4©3 and 4 ©4- gives
/
cE« - e 2) to + fls Es [ j g l ' —  - e2 J = °
-S
which on reduction gives
e? = j f?  k. f K2 (b- ?)2 + Kj (as -3af |  +3a.?2) ]
=  * < * )  S  4 ‘ 6
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w h e re  .  p
k' “  ASES + ac Ec 3 K* = fl * Es > K3 =
and • -
*  (S) = K,  [K ,  lb - g)* + K3 (a3 -3a?I + »  g ) ]
H e n c e  th© r e s u l t a n t  l o n g i t u d i n a l  c o n c r e t e  s t r e s s  i s
fc =• -7jT-C t +  '  V(%) ] 4.7
and th e  r e s u l t a n t  l o n g i t u d i n a l  s t e e l  s t r e s s
s - 2 { • Es f (b - g r  - * 0 § )  ]
The p o s i t i o n  o f  th e  a x i s  o f  d i s t o r t i o n  w i l l  be su ch  t h a t  t h e  
e n e r g y  s t o r e d  i n  t h e  beam , i 0e *  th e  e l a s t i c  s t r a i n  e n e r g ie s  o f  th© 
t o r s i o n a l  s h e a r a n d  o f  th e  l o n g i t u d i n a l  fo r c e s  b r o u g h t a b o u t b y  
s h o r t e n i n g , w i l l  be a m inim um *
Th u s L ( u t  + + U s ) _ o  4o9
whe r e  U t ,  Uc and U$ ar© r e s p e c t i v e l y  t h e  s t r a i n  e n e r g ie s  due 
t o  t o r s i o n a l  s h e a r , s h o r t e n in g  f o r c e s  i n  th e  c o n c r e t e  a i d  s h o r t e n in g  
f o r c e s  i n  t h e  s t e e l *
2
B u i u t . (  5J I n
2 $
w h e re  T i s  t h e  t o r q u e  and $ t h e  t o r s i o n a l  r i g i d i t y ;  
dUfchence ~ 0 as Ut i s  independen t o f g
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Thus eq u a tio n  4*9 i s  reduced to
f f  + = 0 4°10
The s tr a in  energy in  the s te e l  i s
Ue = Asfs
~2£s
= f (b2 -  2 b& + ? j 2 -  2K, Ka(b 2 -  2b £ + 5s )
+ K3(a3 -3a1? -»3a^2)} { bz-2b£  + S2 }
+ K .H k* (b2~2b€ + S2) + K3 (a?-3a2£ +■ 3 * P ) f  ]
W riting as K4. and d if fe r e n t ia t in g  g iv e s
Ms = K4 [ ( 1- 2K.KJ + K,2 Kj.2- ) ( 4 ? - I 2 b ^  + 1 2 b2£ _ 4 b3 )
+  2 (K, K2 Ifa -  K,K3) f 1 2 p - ?2 (l8 b +9a) + 5(6bz +12ba+2a1)
-  3 b2a -  2 b2f j  
+ K,2 K32 ( 36 ? 3-  54afc2 + 3oa2 ^ -  6a3 ) J
where *k3  aK3
W riting A fo r  I<4 ( l  ~ 2K, Kt  4- It,2 lcj ) 
B fo r  K 4  ( K 2 Ki 1 , -  K, I tj  )
and C fo r  K + IC , 1 1 /
the exp ression  can be reduced fu rth er to a cubic in  Sj
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i  o0 © dUs a ^ 3 { 4 A  + 24B + 36C }
-  g 2 |  1 2 b A  +  1 8  ( 2 b  +  a )  B +  5 4 a C  }
+  £  [ 1 2 b 2A  +  4  ( 3 b 2 4  6 b a  +  a "  )  B 4  3 0 a 2 C }
{ 4 b 3 A  +  2  ( 3 b 2 a  +■ 2 b a 2 )  B 4  6a 3 . C }  ' 4 0 1 1
T h e  s t r a i n  e n e r g y  i n  t h e  c o n c r e t e  
a-i
Uc = j  W ■ c  dl>.? /t c
= M 5 H a -?>s + Ss} ‘  1 ] (a - ^)3+ ?3]-m y(|)z]
w h e r e  v  6 4 £ c  C
5 *  & ( *
I n s e r t i n g  t h e  f u n c t i o n Y ( ? )  i n  f u l l  g i v e s  
U c a  K 5 [ j  { a 5 -  5 a 4 ? +  10 a 3 ? 2 -  10 a 2 ? 3 + 5a %* }
3 ( a 3  -  3a2 ?  + 3 a ? 2]  . K ,  { K j  ( b  -  ? ) +  K3 ( a 3« 3a2? > 3 * ? * ) }
4  a K j 2 { K i  ( b  -  %) 4  (o?  *» 3 a * ?  +  3 a  ?  )  } Z ]
w h i c h  o n  e x p a n s i o n  a n d  d i f f e r e n t i a t i o n  g i v e s
! ^  =  K s [ { 4 5 3  -  6 a | 2 +  4 a 2 ?  -  a J  }
+ } 2K j K7 K 3 »  ■ j K , K 2) [ l 2 ?  -  ? J ( l 8b +  9 a ) +  ? ( 6b2 + I 2ba + 2a2 )
- 3 b 2& « 2 b a 2 }
+ {IC f2 K 32 K , - K 3] f 3 6  ? 3 = ■ 54a £ * + -30a? -  6a3 ]
+  K 2 K 22 | 4 ? 3 - •  1 2 b ? 2 +  1 2 b 2 ?  -  4 b 3 ]  ]
w h e r e  K 5  =  . a K s
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F u r th e r  re d u c tio n  and w r i t in g
D fo r  Ks  ( K ,  K t  K 3  ~ ± K , K j )
E  f o r  K s  ( 3 I C , 1  K 32~ 2 K ,  I 3  )
F  f o r  Kg K , 2  K  2  
G f o r  K s
t > U  C w . 3 f  .
g i v e s  s  % J 4G +  2 4 D  +  1 2 E  +  4 F  }
~ £ 2 { 6 a  G +  1 8  ( 2 b  +  a )  D + 1 8 a E  +  1 2 b P  }
+  g  { 4 a 2  G +  4  ( 3 b 2  +  6 a b  +  a *  )  D +  1 0 a 2  E +  1 2 b 2  F  }
«  { a 3  G +  2  ( 3 b 2 a  +  2 b a z  )  D + 2 a 3  E  +  4 b 3 F  ]  4 0 1 2
S u b s i t i t u t i n g  t h e  e x p r e s s i o n s  4 * 1 1  a n d  4 * 1 2  i n t o  4 . 1 0  g i v e s
4 G  +  4  ( A 4 F )  4  2 4  ( B 4 D )  4  1 2  ( E 4 3 C )  J
-  6 a ( r  4  1 2 b  ( A 4 F )  4  1 8  ( 2 b 4 a )  ( B + D )  1 8 a  ( E  4 0 C )  }
4  % { 4 a *  G 4  1 2 b 1  ( A 4 F )  4  4 ( 3 b z  +  6 b a  + a  2 ) ( B 4 D )  4  1 0 a 1  ( E 4 3 C ) 3 .
( a 3  G 4  4 b 3  ( A  4  F )  4  2 a b  ( 3 b + 2 a )  ( B 4 D )  4  2 s .3  ( E + - 3 C ) 3  =  O
E v a l u a t i n g  t h e  c o n  s t a n  t s  s
« -  f e r
(A 4 p> - H  ■ b i f r S .
[d , n] .  6 4 AsEs acEc ( l  AsEs a c E c )
'  “  2 4 - t*  ( A s E s  4  a c E c ) *
6 *  CacEc)1' +3c;= -  2+£, As£j  ^ acEc
A FThese may be reduced fu r th e r  by su b stitu tin g  5 muCc^
S = 3
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04acEc
2 4 - e *
(A 4. V) -  Q4 * CEC(a  + f; - 24f +
■fii (1  +  2 5 i) 0 +  a e fc .
( B  +  D )    ( T + S F -  2 4 t  +
f, + 50) - _ _ i _  i l M s .U  + 30J - - 1 + - 24.^ 4
H e n c e  t h e  c u b i c  i n  £  c a n  b e  w r i t t e n  i n  i t s  f i n a l  f o r m  
2 4  ^ 3  mZ
+  1 8  i 5 2 ( a  +  2 b )
+  2 % { m 2 (2 a 2 - 2 4 a b + 6 b 2 ) + m (5a2 - 1 2 a b + 1 2 b * )  + a2 J
{ m2 ( 3 a 3 - 8 a 2  b - 1 2 a b 2 +  1 2 b 3 ) t m ( 4 a  ™4a2  b - 6 a b 2 + 1 2 b 3 ) +  a j s :  Q
4 * 1 3
U s i n g  e q u a t i o n  4 * 1 3  t h e  d i s p l a c e m e n t s  o f  t h e  c e n t r e s  o f  
d i s t o r t i o n  h a v e  b e e n  c a l c u l a t e d  f o r  v a r i o u s  d e g r e e s  o f  r e i n f o r c e m e n t ;  
t h ©  r e s u l t s  o f  w h i c h  a r e  g i v e n  b e l o w
N o .  o f  i n *  b a r s  D i s p l a c e m e n t  o f  c e n t r e  o f  d i s t o r t i o n
0  QoOO i n .
2  0 * 0 3  i n ®
4  0 * 0 5  i n ©
6  0 o0 7  i n 0
8  0 * 0 8  i n 0
1 0  0 * 0 9  i n  a
12 0 ,1 0  in 0
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A  t y p i c a l  s e t  o f  m i r r o r  r e a d i n g s  f o r  t o r s i o n  a r e  s h o w n  i n  
T a b l e  1  a n d  t h e s e  h a v e  b e e n  p l o t t e d  i n  G r a p h  1 0 T a b l e  2  g i v e s  
t h e  r e s u l t s  f o r  t h e  t r a n s v e r s e  b e n d i n g  t e s t  o n  t h e  s a m e  b e a m  
w h i c h  a r e  p l o t t e d  i n  G r a p h  2 *  T h e  l i n e a r i t y  o f  t h e  r e s u l t s  
w o u l d  s u g g e s t  t h a t  t h e  a p p a r a t u s  p e r f o r m e d  s a t i s f a c t o r i l y *
T a k i n g  t h e  m i r r o r  r e a d i n g s  f r o m  t h i s  t o r s i o n  t e s t  o v e r  a  l o a d  
r a n g e  o f  3 0  l b  t h e  m o v e m e n t s  a t  S e c t i o n s  2  a n d  3  r e l a t i v e  t o  
S e c t i o n  1  h a v e  b e e n  p l o t t e d  i n  G r a p h  3 ,  w h i l s t  t h e  s a m e  h a s  b e e n  
d o n e  f o r  t h e  b e n d i n g  t e s t ,  i n  G r a p h  4 *
I t  w i l l  b e  s e e n  f r o m  G r a p h  3  t h a t  t h e  d i s p l a c e m e n t  c u r v e  i s  
a l m o s t  l i n e a r  r a i d  t h e r e f o r e  t h e  a m o u n t  o f  b e n d i n g  i n  t h i s  
p a r t i c u l a r  t o r s i o n  t e s t  i s  s m a l l *  H o w e v e r ,  t h e  c o r r e c t i o n  f o r  
b e n d i n g  g i v e n  i n  C h a p t e r  2  h a s  b e e n  u s e d  a n d  t h e  t r u e  p o s i t i o n  o f  
t h e  c e n t r e  o f  d i s t o r t i o n  i s  t h e n  f o u n d  t o  b e  0 ® 6 0 9  i n *  f r o m  t h e  
g e o m e t r i c  c e n t r e , t o w a r d s  t h e  t o p  o f  t h e  b e a m *  T h e  p o s i t i o n s  o f  
t h e  c e n t r e s  o f  d i s t o r t i o n  f o r  t h e  o t h e r  b e a r a s  t e s t e d  a r e  s h o w n  
a s  a  h i s t o g r a m  i n  F i g u r e  4  f r o m  w h i c h  t h e  a v e r a g e  i s  f o u n d  t o  
b e  0 * 6 4 7  i n *  f r o m  t h e  g e o m e t r i c  c e n t r e  t o w a r d s  t h e  t o p  o f  t h ©  
b e a m *
4 * 5  CONCL U S I O N S
T h ©  t h e o r e t i c a l  a n a l y s i s  s u g g e s t s  t h a t  q u i t e  l a r g e  p e r c e n t a g e s  
o f  l o n g i t u d i n a l  r e i n f o r c e m e n t  w i l l  c a u s e  v e r y  l i t t l e  d i s p l a c e m e n t  
o f  t h ©  c e n t r e  o f  d i s t o r t i o n *  T h e  e x p e r i m e n t a l  r e s u l t s  s h o w  t h a t
4*4 RESULTS
n o t  o n l y  i s  th e  c e n t r e  o f  d i s t o r t i o n  d i s p l a c e d  c o n s i d e r a b l y  fro m  
th e  g e o m e tr ic  c e n t r e  b u t  a ls o  t h a t  c o n s id e r a b le  v a r i a t i o n  o c c u rs  
fr o m  beam t o  beam® T h i s  o b s c u re s  a n y  d e t e r m in a t i o n  o f  w h a t m ust 
be a s m a ll e f f e c t  due t o  t h e  re in fo rc e m e n t®
Th e p r i n c i p l e  e f f e c t  w o u ld  a p p e a r t o  be due t o  v a r i a t i o n  o f '  
t h e  e l a s t i c  p r o p e r t i e s  o f  th e  c o n c r e te  a c ro s s  th e  s e c t io n  o f  t h e  
beam* th e  c o n c r e t e  b e in g  d e n s e r  to w a rd s  th e  t o p  o f  th e  m o u ld * and 
t h e r e  a p p e a rs  t o  be no w a y  o f  p r e d i c t i n g  t h e  e x t e n t  o f  t h i s  
v a r ia t i o n ©  I t  w o u ld  seem t o  be u n j u s t i f i a b l e  t o  assume t h a t  t h e  
r e s u l t s  o f  th e  v e r y  s m a ll s c a le  e x p e r im e n ts  d e s c r ib e d  h e r e  c o u ld  
be a p p l i e d  d i r e c t l y  t o  f u l l  s c a le  edge beams©
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A NOTE ON THE PLOTTING OP TRAJECTORIES OP 
PRINCIPAL STRESS
The solution for principal stress lines involves integration 
of a f i r s t  order differential equation of the form
&  = f +  y) (1)
However, a solution is usually not possible in analytical
form even for the simplest oases, a d ifficulty  -which suggests
/
the use of fin ite  difference integration., Wagner' 7 has given 
a semi-graphical method, but this appears to be applicable only 
in the case of a cantilever beam,
The principal stress values are given by the well known 
quadratic solution
fty = i  (xx + yy) ± [xy2 + i  (xx - yy)2] 2
and the rotation of the principal axes measured from the x axis 
t>y
tan 2t  =
XX -  y y
A i
APPENDIX 4
1. Theory
But th e  slope i s  r e l a t e d  to  the r o ta t io n  s in ce
dx ta n  \{/
whence
4 i i
r fe  idx JX = -  U + 7 1 + U
[ g ]  = - n -
Y
equations of the type (1), 
where
U = Got 2Q
1 + U2
2 £y
(2)
(3)
The "Backwards" formula for numerical interpolation w ill 
he required which may be written
f ( a  + rh) « f ( a) + r  A f ( a  -  h) + a2 f ( a  - 2h) +<> 0 *.
J- * (V>
in which A means the f i r s t  difference# A2 the second difference
At a given point xn -  (a + hn) le t y take the value yn 
and at another point xn + r = (a + kn + hr ) le t y take the value
^ n + r  *
Denoting by p then
y n+r
xn+ r
px . dx
x
but dx = h. dr which enables the above to be transformed to
y
th e r e fo re
n + r
n + 1
y n h
h
lb dr+r
p „ dr * n+r
4 i i i
Expanding th e  q u a n t i ty  p + u s in g  th e  in te r p o la t io n  form ula
(4) above gives
y  ^ - yn = hn + r
r . r (r  + 1) , 2 -[P„ + rApn_( + --- A P»-2 +- - ] ar
j o
(5)k [ Pf? + 2 A Pfl-j + f§ A F/7«2 + 8 A Pf)—3 +.*.«■ ]
This is the equation for numerical integration in its  most 
convenient form. It  enables a step by step process to be followed 
along a stress trajectory from any given in itia l point,
2, Example
In order to demonstrate the use of the above results the 
in itia l calculations w ill be given for plotting principal stress 
lines for the membrane state of a semi-circular cylindrical shell 
simply supported at its  ends. The membrane equations 5© 4, 5© 5 
and 5© 6 when integrated for uniform dead load in non harmonic fora] 
give
1 ■ f [*'-■*') i S
)
sy qR Cos |  } (6)
Nxy = - 2qS Sin I
Taking particular values for the dimensions of the shell 
L = 1 0. 5 > x > - 0„ 5
R = 0. 2k . ‘ . 0. 375 > y > - 0. 375
a n d
4  i v
s i n c e
y
%
< Oo 24  "2
U =
F ro m  ( 3 )
^ 19 ,[.Q«2£..r x  ]- 0©24_ Cot 2Zp0o o69 o 
4x J
g(x) * cot Ky
With intervals in x of h = 0,04 values of g(x) may be 
written out
TABLE 1
n X g(x) n X g(x)
0 0 00 7 0o 28 o© 4277
1 0,04 3.0000 8 0o 32 0o 2956
2 0o 08 2o 4397 9 0o 36 .. 0o1837
3 0o 12 1©5567 10 0o 40 Oo 08.57
4 03 16 1o0941 11 0o 44 ~0o 0021
3 0o 20 0© 7999 12 0o 48 -0o 0822
6 0o 24 0o 5898 13 0o 32
In order to reduce error, it  is advisable to start the 
calculation from a point at which the curvature is like ly to he 
small# Thus for the firs t set x = 0 was chosen and for a 
particular line, y  = 0 o1 8 7 5 o
By putting x = 0, y  = 0o1873 in equations (6) substituting 
in (3) to find UQ and then substituting in (2) to find pQ gives
Po = 0
y f -  y0 = 0
y ,  = 0 . 1 8 7 5
Uj = 5.0000
thus from (2)
p f =  -  5 °  0 0 0 0  +  ^ T T  2 5 . 0 0 0 0
. \  Pj = 0.0990
Starting the table of differences, Table 2, from equation (5)
72  " 7i = h [p ? + i  A p0 ]
= 0P 04 [ 0.1485 ]
= 0,0059
. *. y2 -  Oo 1934
.+  cot Ky2 = Oo 9520 ; g2 = 2,4397
U2 = 2, 3206
. °. p2 = 0,2063
•' • 7s - 72  = h [ p2 + i  A P; + ~  A2P0]
= 0 ,0 105
. \  y3 = 0 ,  2039
The computation is  continued until the line crosses the 
boundary, that is ,  x > 0,5 or y > 0,375°
4 v
„ *. c o t Ky j -  + 0 0 0 0  and gj = 5,0000
F or the  o rth o g o n a l t r a j e c t o r i e s  th e  p rocedure  i s  s im i la r
of (2)______________________________________ _
pY = - 0 - fa  + U*
In calculating for these lines the starting points have been 
taken on the boundary y = 0,375 for here
4 v i
e x c ep t in  th a t  the  r e q u ire d  slope i s  g iv en  by the second equ a tio n
The results for three pairs of orthogonal lines are shown 
in development (Figure 1) , where one quarter only has been 
calculated since the structure is bi-symmetric.
TABLE 2
n X y P AP A^P a3p
0 .00 .1875 ,0000 .0990
1 ,04 © 1875 .0990 .1073 . OO83 ,0070
2 ,08 ©1934 0 2063 ,1226 .0153 ,0024
3 .12 ©2039 . 3289 ,1403 .0177 -o0085
4 . 16 .2199 ,4692 ©1495 .0092 -.0179
5 ,20 ,2418 , 6187 , 1408 -,0087 -,0181
6 ,24 , 2696 .7595 ,1140 -0 0268 -,0065
7
8
9
. 28 
.32 
.36
. 3024 
.3373 
. 3764
.8735 
. 9542
,0807 -.0333
I
CIRCUMFERENTIAL
DIRECTION
<N _ _ _in
K
F ig u re  1
Notation
APPENDIX 5
LIST OF EXPRESSIONS REQUIRED IN 
DEVELOPING THE EDGE DISTURBANCE 
EQUATION
3 i
asA
a P
tm i 51
A = A
d3 A 
d x 3 A' * * = A3'
Force derivatives in terms of the moments
+ 2Mx y
1 , 2*2'- J (M u + Lxy
N 4»y -r(m
s’ ‘5’ „  2 * 4
X
N /’2' = -R(M 4 ‘2 + 2M
+ 2Mx y
5“ *
x y
+ My )
+ Mys< )
h +
2 ° , 2*4* 3 • 3* 4 *2 * \Ny = -R(MX + 2Mr „ + Mu4 2 )x y
N. 3 »xy R(Mr 2 »4
3 * 3t
Ly
4 " 2 '+ 2Mxy + )
1 2*2' ”3 
+ R + Mxy
Moment d e r iv a t iv e s  in  term s of the  d isp lacem ent w
5 i i
Mx K a.w 2 + G Kxy  w 20
M2 a4»X Kx  w
2 0 S’
+ a  K4'4*
“ t Kj, W + ° + y w
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APPENDIX 6
Here the solution is obtained for equation 
governs the edge disturbance stress condition of 
shell
Equation 60 32 may be written
(x2 - V ) 4 + 4 = 0
putting a = x2 - v
equation (1) becomes
a 4 + 4  = 0
Whence
a = W  + 2 i
Making use of the identity
(p + i  Y  ) 2 = (32 - y 2 +
in the form
P + i r  = 7 P2 - Y2 +
. 2 \4
S o lu tio n  o f the e q u a tio n  (x -  v) + 4
e n ab les  (3) to  be w r i t te n
». 32 which 
. cylindrical
_0
i  py
i  pY
x = y t (1 ± i)
therefore
x = + V V ± (1 y; i) (6)
Again making use of the form (4) equation (6) may he 
written
[
6 i i
s u b s t i tu t in g  (5) back  in to  (2) g iv es
± + ^  ± y)2 ± (1 ± v) + (j ± V)g ± (j ± v)
2 i  j 1^ + (1 ± v)2± (1 ± v) j 2 ^1 + (1 ± v )2 (1 ± v) j
2
75x = i [ f 1 + 0 * y r  * 0 * v) j 2 ± j / 1 + 0 * v)* Q * v )j 2
(7)
Where
(7) May be written
x = ± (j i  i k )  and (j, ± i  k ) (8)
4 - ( + (.1 + v f  ±(1 + v) | 2 )
3 - t 2 > )
1
[ ^ - 1 + ( 1  + v)2 - ( 1  + v) J2
j + 0 - V)g - (1 - v) j 21 ) (9)
1
, ______________________________,  i j
j 1/1 + o - L l + Ll - v) } s j
fa  fa&
